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SELF-CONSISTENT FIELD SCHEMES FOR THE TWO-ELECTRON 

ATOMIC IONS I N  THE GROUND STATE 
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Univers i ty  of Wisconsin T h e o r e t i c a l  Chemistry I n s t i t u t e  

Madison, Wisconsin 

ABSTRACT 

The formalism for t h e  genera l ized  N-configuration s e l f -  

c o n s i s t e n t  (SCF) schemes i s  developed f o r  t h e  two-electron atomic 

ions  i n  t h e  ground state. The equat ions  fo r  the  SCF o r b i t a l s  are 

expanded i n  powers of the inverse  nuc lear  charge according t o  t h e  

well-known p e r t u r b a t i o n  scheme based on cons ider ing  t h e  e l e c t r o n i c  

i n t e r a c t i o n  p o t e n t i a l  as a pe r tu rba t ion .  Several f i r s t - o r d e r  SCF 

equat ions  are solved numerically.  

The formalism f o r  t h e  exact wave func t ion  i s  cast  i n t o  SCF 

form by w r i t i n g  it i n  terms of t h e  n a t u r a l  o r b i t a l s .  

o r b i t a l  i s  considered as a func t ion  of an  i n f i n i t e  number of 

Each n a t u r a l  

parameters  which are gene ra l i za t ions  of t h e  n a t u r a l  occupat ion 

ampli tudes.  The formalism f o r  any N-configurat ion SCF scheme i s  

obtained from the  n a t u r a l  o rb i t a l a  formalism by s e t t i n g  a l l  b u t  

t h e  f i r s t  N parameters  equal  t o  zero.  The k- th  N-configurat ion 

SCF o r b i t a l  i s  thus  the  k-th n a t u r a l  o r b i t a l  wi th  a l l  bu t  t he  

* 
- - - - -  

T h i s , r e s e a r c h  was carried out  under Grant NsG-275-62 from t h e  
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion.  
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f i rs t  N n a t u r a l  occupat ion amplitudes s e t  equal  t o  zero .  The 

N-configuration SCF wave funct ion i s  a g e n e r a l i z a t i o n  of t h e  

ord inary  R e s t r i c t e d  Hartree-Fock wave func t ion  and is  the  b e s t  

p o s s i b l e  N-con f i gu r  a t  i on wave func t ion  

The p e r t u r b a t i o n  expansion of t he  N-configurat ion SCF schemes 

i s  e f f e c t e d  by f i r s t  developing the  exac t  problem i n  terms of t h e  

inve r se  nuclear  charge,  transforming the  exac t  problem i n t o  n a t u r a l  

o r b i t a l  form and then  s e t t i n g  the  appropr i a t e  parameters equal  t o  

zero.  The n a t u r a l  occupation amplitudes are d iv ided  i n t o  t h e  

i n t r i n s i c  and the  c o r r e l a t i o n  amplitudes.  The i n t r i n s i c  amplitudes 

can never be zero,  whi le  the c o r r e l a t i o n  amplitudes go t o  ze ro  as 

the  inve r se  nuclear  charge goes t o  zero.  The n a t u r a l  o r b i t a l s  are 

d iv ided  i n t o  i n t r i n s i c  and c o r r e l a t i o n  o r b i t a l s  by t h e i r  a s s o c i a t i o n  

wi th  t h e  occupat ion amplitudes. The f i r s t - o r d e r  equat ions  d e f i n e  

only t h e  zero-order  c o r r e l a t i o n  o r b i t a l s  

The f i r s t - o r d e r  p a r t  of the  Extended Hartree-Fock (Em) scheme, 

def ined  as t h a t  SCF scheme which con ta ins  one c o r r e l a t i o n  o r b i t a l  

of each angular  symmetry type, i s  d iscussed  i n  d e t a i l .  The double- 

e x c i t a t i o n  p a r t s  of s eve ra l  second-order EHF ene rg ie s  are obtained 

numerical ly  and compare very favorably w i t h  t h e  e x a c t  va lues .  

These second-order energ ies  a r e  t h e  lowest p o s s i b l e  ene rg ie s  

ob ta inab le  from an o r b i t a l  product approximation t o  t h e  double- 



ACKNOWLEDGEMENTS 

I would l i k e  t o  express my s i n c e r e  g r a t i t u d e  t o  my Major 

Professor  W. Byers B r o w n  for h i s  guidance, encouragement and 

cr i t ic ism and would l i k e  t o  thank him f o r  h i s  d i scuss ions  and 

f o r  t h e  many ideas  cont r ibu ted  t o  t h i s  work. 

Thanks are a l s o  due t o  Professor  Joseph 0. Hirschfe lder  

f o r  h i s  h e l p f u l  d i scuss ions  and encouragement, Professor  Saul  T. 

Eps t e in  fo r  h i s  u s e f u l  comments, D. Chong f o r  h i s  he lp  w i t h  the  

numerical  work, W. J. Meath f o r  h i s  sugges t ions ,  t h e  T h e o r e t i c a l  

Chemistry I n s t i t u t e  of t h e  Un ive r s i ty  of Wisconsin and Professor  

Joseph ,O. Hi rschfe lder  f o r  t h e  computer t i m e ,  t h e  T C I  computer 

s t a f f  f a r  t h e i r  he lp  and programs and Mrs. Mary Wilson f o r  her 

kind e f f o r t  i n  typ ing  and p r i n t i n g  t h e  manuscript .  

I s i n c e r e l y  thank my wife,  Olga, f o r  her  encouragement 

and pa t ience ,  her pa ren t s  for t h e i r  h e l p  and my p a r e n t s  fo r  

t h e i r  a s s i s t a n c e .  



INTRODUCTION 

The exact wave func t ion  of  a quantum-mechanical system is a 

func t ion  of t h e  s p a t i a l  and spin coord ina te s  of a l l  t h e  e l e c t r o n s .  

The wave func t ion  does not  ass ign  e l e c t r o n s  t o  o r b i t a l s  and does 

no t  f a c t o r  i n t o  products  of simpler func t ions .  Such a complicated 

f u n c t i o n a l  form is necessary  in  order  t o  adequate ly  d e s c r i b e  t h e  

c o r r e l a t i o n  between the  e l ec t rons .  The c o r r e l a t i o n  arises because 

electrons r e p e l  each  other  and thus  a d j u s t  t h e i r  motions and s p a t i a l  

d i s t r i b u t i o n s  so as t o  s t a y  as f a r  a p a r t  as poss ib l e .  

many-electron wave f u n c t i o n  i s  d i f f i c u l t  t o  c a l c u l a t e  and can be 

obta ined  only approximately. 

r e p l a c e  the exact problem by a more t r a c t a b l e  model. 

An exac t  

It would t h e r e f o r e  be d e s i r e a b l e  t o  

A very  s u c c e s s f u l  model has been t h e  r e s t r i c t e d  Hartree-Fock 

(IMP) model. lS2 

such a wag t h a t  two c losed-she l l  e l e c t r o n s  occupy similar s p a t i a l  

o r b i t a l s  but  wi th  d i f f e r e n t  spine.  The RHF model, however, n e g l e c t s  

e l e c t r o n  ~ o r r e l a t i o n . ~  

t h e  c o r r e l a t i o n  can be taken  i n t o  account by a l lowing  every  e l e c t r o n  

t o  occupy a d i f f e r e n t  space 0 r b i t a 1 . ~  

r e s t r i c t e d  t o  be e-type o r b i t a l s ,  t h e  model i s  t h e  " d i f f e r e n t  

o r b i t a l s  for  d i f f e r e n t  sp ins"  (DODS) model. 

dependence of t h e  o r b i t a l s  i s  not  r e s t r i c t e d ,  t h e  model is  t h e  

extended Hartree-Fock (EHF) model. The RHF, DODS and EHF models 

are s e l f - c o n s i s t e n t  f i e l d  (SCF) schemes i n  t h a t  t h e  equat ions  for  

the  va r ious  func t ions  are nonl inear  i n t e g r o - d i f f e r e n t i a l  equat ions .  

T h i s  model- ass igns  each e l e c t r o n  t o  an  o r b i t a l  i n  

&din has  suggested t h a t  some p o r t i o n  of 

I f  t hese  o r b i t a l s  are 

I f  the angular  

1 
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5 - 7  V a r i a t i o n a l  ca l cu la t io r l s  cf s evs rh l  DODS and EHF e n e r g i e s  have 

y ie lded  va lues  considerably lower than t h e  RHF va lues .  

The aim of t h i s  c w k  i s  t o  s e t  up, i n v e s t i g a t e  and e v a l u a t e  an  

SCF approach t o  t h e  two-electron a t x n i c  pr~blem. The d i s c u s s i o n  w i l l  

be l imi t ed  t o  the  grcund state5 of t h e  two-eleztron atomic i o n s .  

The i n v e s t i g a t i o a  w i l l  beg iv  wi th  some d i s c u s s i o n  of t h e  i n t u i t i v e  

d e r i v a t i o n  of t h e  KHF and DODS schemes. I n  S e c t i o n  11 a h i e r a r c h y  

of general ized SCF schemes xi11 be formally der ived  from t h e  exact 

problem, I n  S e c t i o n  1x1 t h e  exact problem w i l l  be developed accord ing  

t o  a p e r t u r b a t i o n  scheme which t r ea t s  t h e  e l e c t r o n i c  i n t e r a c t i o n  as a 

p e r t u r b a t i o n .  The r e s u l t s  of Sect ion  I T 1  w i l l  be used t o  guide t h e  

way i n  developing t h e  genera l ized  SCF schemes according t o  t h e  above- 

mentioned p e r t u r b a t i o n  niethod. In S e c t i o n  V a p a r t i c u l a r  s e t  of 

(per turbed)  SCP o r b i t a l s ,  t h e  EHF o r b i t a l s  w i l l  be discussed,  and 

i n  Sec t ion  V I  t he  numerical  s o l u t i o n  of t h e  f i r s t - o r d e r  EHF p e r t u r b a -  

t i o n  equat ions w i l l  be i n v e s t i g a t e d ,  The work w l l l  be concluded 

wi th  Sect ion VI1 ir. which t h e  p o s s i b l e  v i r t u e s  o f  SCF methods f o r  

two-electron a t m i c  systems w i l l  be d iscussed .  

The o r i g i n a l  c c n t r f b u t i o n s  c f  t h i s  work can be siimmarized as 

follows: (1) The c o q l e d ,  i r ? t e g r o , - d i f f e r e n t i a l  equat ions  fo r  a 

general  SCF scheme have bee? der ived,  and t h e  RHF,  DODS and EHF 

schemes have been p a t  i n t o  a p e r s p e c t i v e  wi th  r e s p e c t  t o  a l l  

poss ib le  SCF scherr,es; ( 2 )  T h e  s f z i l a r i t i e s ,  d i f f e r e n c e s  and connect ion 

o f  a l l  p o s s i b l e  SCF o r b i t a l s  w i th  each o the r  arid w i t h  t h e  n a t u r a l  

s p i n  o r b i t a l s  o f  Lowdig have been e s t a b l i s h e d ;  ( 3 )  The p e r t u r b a t i o n  
B P  

expansion o f  t h e  g e n e r a l  SCF equat ions  i n  powers of t h e  i n v e r s e  
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nuclear  charge has been set  up; (4) Severa l  f i r s t - o r d e r  EHF per tu rba -  

t i o n  equat ions  have been solved numer ica l ly  and s e v e r a l  second-order 

EHF e n e r g i e s  have been obtained. 

I. PHYSICAL INTERPRETATION OF SOME SELF-CONSISTENT FIELD MODELS 

The RHF and DODS models are i n t u i t i v e l y  appea l ing  i n  t h a t  they  

a s s i g n  each e l e c t r o n  t o  a sepa ra t e  o r b i t a l .  Before d i s c u s s i n g  these  

models, however, some o r i e n t a t i o n  i s  necessary .  I n  any d i s c u s s i o n  

i n  t h i s  work t h e  Hamiltonian r e f e r r e d  t o  w i l l  always be t h e  exac t ,  

non-r elat  ivis  t i c ,  sp in - f r  ee, two-elec t r o n  Hamiltonian H(G&) 
given by 

where A&) is  t h e  ord inary  hydrogenic Hamiltonian 

where 

where 2 
r e p r e s e n t s  t h e  e l e c t r o n i c  i n t e r a c t i o n  p o t e n t i a l  and 

v 2  
is t h e  nuc lear  charge of t h e  ion. The symbol c,- denotes  

the  c o l l e c t i o n  of t h e  t h r e e  s p a t i a l  coo rd ina te s  of t h e  i - t h  e l e c t r o n .  

A l l  d i s t a n c e s  are i n  u n i t s  of %/!! , and a l l  e n e r g i e s  are i n  u n i t s  

of z%yae where e i s  the e l e c t r o n i c  charge and where do = $2; 
w i t h , &  t h e  reduced mass of t h e  e l e c t r o n .  

The c r u d e s t  p o s s i b l e  model, which w i l l  be c a l l e d  t h e  zero-order  

model, is obta ined  by assuming t h a t  the  s p a t i a l  d i s t r i b u t i o n  of each 
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e l e c t r o n  i s  the  same d i s t r i b u t i o z  which would ex is t  i f  t h e  e l e c t r o n i c  

i n t e r a c t i o n  p o t e n t i a l  were neglec ted .  

each e l e c t r o n  occupies a hydrogenic c r b i t a l .  

Such a model p r e d i c t s  t h a t  

The ground s t a t e  has  

both  e l e c t r o n s  occupying t h e  1s hydrogenic space o r b i t a l ,  one 

e l e c t r o n  wi th  o( s p i n  and one e l e c t r o n  w i t h  p sp in .  The zero-  

order  s p a t i a l  wave func t ion  w i l l  be denoted by 

( 1 . 3 )  

The spin has been f a c t o r e d  ou t  and neglec ted ,  

"wave func t ionvq  i s  reserved  f o r  any two-electron f u n c t i o n  which 

The d e s i g n a t i o n  

descr ibes  a s t a t e  e f  t h e  t w o - e l e c t r m  system. The d e s i g n a t i o n  

"orb i ta l"  i s  appl ied  t o  any one-e lec t ron  funct. ion which might be a 

wave func t ion  f o r  a s i n g l e  e l e c t r o n .  The Is hydrogenic o r b i t a l s  

are s-type func t ions  i n  t h a t  each one i s  a prcduct  of a r a d i a l  

func t ion  and t h e  s p h e r i c a l  harmonic % C ~ , I ? )  equal  t o  V Q ~ .  
The energy of t h e  two-electron ions  which t h e  zero-order model 

p r e d i c t s  i s  obtained by t a k i n g  t h e  e x p e c t a t i m  v a l u e  of t h e  

Hamiltonian w i t h  r e s p e c t  t o  t h e  zero-order wave func t ion .  For t h e  

case of t he  helium atom t h e  energy predic ted  by t h e  zero-order 

model i s  - 2 . 7 5  eyQ 
of -2.9037244 eyd0 . 
energy ei/ao w i l l  be c a l l e d  a n  atomic u n i t  ( a . u . )  of energy. 

0 

8 
as compared wi th  the  n o n - r e l a t i v i s t i c  v a l u e  

I n  a l l  f u r t h e r  d i scuss ions ,  t h e  u n i t  of  
0 

The s imples t  improvement over t he  zero-order model i s  o f f e r e d  

by the RHF model, 

each (ground-state)  e l e c t r o n  t o  one space o r b i t a l  b u t  r e q u i r e s  t h a t  

This  model, j u s t  l i k e  t h e  zero-order one, a s s i g n s  
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t h i s  o r b i t a l  be the  e n e r g e t i c a l l y  optimum o r b i t a l .  The RHF wave 

f u n c t i o n  has  t h e  same form as t h e  zero-order wave func t ion ,  i .e. 

The RHF o r b i t a l  %(c) is  requi red  t o  be a n  s - func t ion  j u s t  l ike t h e  

hydrogenic l e  orbital, The RHF energy, j u s t  l i k e  the  energy of 

t h e  zero-order lpodel, is obtained by t ak ing  t h e  expec ta t ion  va lue  

of t h e  Hamiltonian wi th  r e s p e c t  t o  t h e  RHF wave funct ion .  

of the  RHF o r b i t a l  

I n  term 

t h e  RHF energy is 

wi th  

The equat ion  f o r  the RHF orb i t a l ’  is  obta ined  by r e q u i r i n g  ERm 

t o  be s t a t i o n a r y  wi th  r e spec t  t o  variations i n  % 

normal iza t ion  c o n s t r a i n t ,  eq. (1.6). The equa t ion  is  

s u b j e c t  t o  t h e  

where 9 is the  g r e a t e r  of 5 and , where t h e  parameter 6 is  
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T 

and where the  o p e r a t e r h o  (b) i s  

i s  t h e  average e l e c t r o n  

i n t e r a c t i o n  def iz led  t o  be 

The funct ion &@) 

For the c a s e  of t b e  he l fun :  atotr. the gcmr-d-s ta te  RHi energy i s  

-2.861680 a . u ,  The reds03 f z r  t h e  i-accura:y ~ r i  t h i s  energy i s  

$3 t5e  r a d i a l  ?zrt of t h e  R I P  or 's ' l tal  u ( g ) .  
10 

because, even though the  RHF ~ h : d ~ t :  functio:i IS t h e  b e s t  s i n g l e  con- 

f i g u r a t i o n  wave funztXm, a s i 7 g L e  c o c f i g i i r a t i r n  i s  n o t  s u f f i c i e n t  

t o  descr ibe e l ec t ro r ,  c o r r e l a t i m .  

The RHF wave f-.,.nctio? ( f s r  t h e  g r c m d  s t a t e )  i s  no t  a t  a l l  

c o r r e l a t e d .  The p r o b a b i l i t y  cf f i n d i n g  one e l e c t r o n  about t h e  p o i n t  

and the  a the r  e l e c t r a n  s i r r z l t aneomly  about t h e  p o i n t  c~ ( the  

absolu te  square of t h e  wave f u ? c t i o n )  is jrrst t h e  product  of two 

independent p r o b a b i l i t i e s .  Tne RHF appr3xirnation ( f o r  s i n g l e t  s t a t e s )  

j u s t  Pike any SCF n o d e l  n e g l e c t s  rbe CciJlonb hole  about each e l e c t r o n  

s i n c e  the  probability cf f ind i - i -g  b3th e l e c t r o n s  a t  t he  same p o i n t  i n  

3 

space i s  not  ze rc .  

Sone ( r a d i a l :  c o r r e l a t f z c  i s  taken i c t o  account by t h e  DODS 

model. The DODS wave f m c t i o r ,  h a s  t h e  forrr, 
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which i s  a g e n e r a l i z a t i o n  of t h e  RHF wave func t ion .  I f  the DODS 

o r b i t a l s  a r e  r e s t r i c t e d  t o  be equal  t o  each o the r ,  one 

would then  have t h e  RHF wave func t ion .  The DODS o r b i t a l s  are 8 -  

and )(, 

func t ions  and are def ined  t o  be the  e n e r g e t i c a l l y  optimum o r b i t a l s .  

The DODS energy, ob ta ined  by t a k i n g  t h e  expec ta t ion  va lue  of t h e  

Hamiltonian wi th  r e s p e c t  t o  the  DODS wave func t ion ,  i s  

cDOPS 

wi th  t h e  cond i t ions  

and 

(1.12) 

(1.13a) 

(1.13b) 

The two equations'' for .t) and >( a r e  obta ined  by r e q u i r i n g  

SODS t o  be s t a t i o n a r y  w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  $J 

s u b j e c t  t o  t h e  normalizat ion c o n s t r a i n t s ,  eqs. (1.13). 

and 



The equat ions 

r 

a r  e 

= 8 (1.14a) 

and 

(1.14b) = o  
where the  e p s i l o n s  a r e  def ined a s  

(1 15a) 

and 

( 1 . 1 5 ~ )  

Since the  DODS equat ions  have not  been solved, one can only say t h a t  

t he  DODS energy fo r  helium i s  below the  va lue  5'6 -2.8756614 a .u .  

The DODS m o d e l  t akes  r a d i a l  c o r r e l a t i o n  i n t o  account i n  an  

average way by p u l l i n g  one e l e c t r o n  c l o s e  t o  the  nucleus and by 

pushing the  other  one f u r t h e r  ou t .  The p r o b a b i l i t y  t h a t  one 

e l e c t r o n  is about the  po in t  c7 and t h e  other  e l e c t r o n  s imultaneously 
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about  t h e  p o i n t  r2 i s  no longer t h e  product  of two independent 

A 

p r o b a b i l i t i e s  b u t  conta ins  a c r o s s  term. Even though the  two 

e l e c t r o n s  can, i n  t h e  DODS model, occupy the  same p o i n t  i n  space,  

they  tend t o  avoid each other by occupying on the  average d i f f e r e n t  

r e g i o n s  of space.  

The RHF and DODS equat ions are a l l  one-electron,  non-l inear ,  

i n t e g r o - d i f f e r e n t i a l  equat ions and must be solved numerical ly .  

However, Linderber gga and Cohengb have s u c c e s s f u l l y  t ack led  

t h e  RHF equat ion  by a pe r tu rba t ion  method. The e l e c t r o n i c  i n t e r a c t i o n  

p o t e n t i a l  l/r 

and RHF energy were expanded i n  powers of t h e  inve r se  nuc lear  charge 

1 / Z .  The f i r s t - o r d e r  RHF equat ions were e a s i l y  i n t e g r a t e d  t o  o b t a i n  

the f i r s t - o r d e r  RHF o r b i t a l .  

w a s  considered as a pe r tu rba t ion ,  and the  RHF o r b i t a l  12 

It w a s  hoped t h a t  the  same p e r t u r b a t i o n  method of s o l u t i o n  

could be appl ied  t o  the  DODS equat ions .  However, i n  expanding t h e  

DODS o r b i t a l s  i n  terms of t he  inve r se  nuc lear  charge,  i t  turned ou t  

t h a t  t he  only f i r s t - o r d e r  s o l u t i o n  t o  t h e  DODS equat ions  was j u s t  

t h e  f i r s t - o r d e r  RHF o r b i t a l .  Thus, i n  u s ing  t h e  inve r se  nuc lear  

charge as a p e r t u r b a t i o n  parameter, t h e  DODS equat ions  co l l apsed  i n t o  

t h e  RHF equat ion .  

po in ted  out by Professor  Byers Brown. 

1/Z  t h e  v a r i a t i o n a l  DODS wave func t ions  of S h u l l  and Lswdin 

poin ted  out  t h a t  one must use  t h e  square r o o t  of t he  inve r se  nuc lear  

charge as the  pe r tu rba t ion  parameter f o r  t h e  DODS equat ions .  

The n e c e s s i t y  of us ing  the  square r o o t  of t h e  inve r se  nuc lear  charge 

i n s t e a d  of t h e  nuc lear  charge i t s e l f  as t h e  expansion parameter has  

The c lue  t o  the  r eason  f o r  t h e  c o l l a p s e  was 

Af ter  ana lyz ing  i n  powers of 

5 he 
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A s  i t  w i l l  
1 2  11 and by CouPson. been subsequently discussed by Stewart  

be shown i n  Sec t ion  I V ,  one avoids  t h e  n e c e s s i t y  of i n t r o d u c i n g  '/@ 
i n t o  the d i s c u s s i o n  i f  t he  prcblem i s  s e t  up i n  n a t u r a l  o r b i t a l  form. 

By r e w r i t i n g  t h e  DODS formalism, a p e r t u r b a t i o n  expansion involv ing  

only  1/Z  can be def ined.  

The RHF wave f u n c t i o n  i s  t h e  b e s t  s i n g l e - c o n f i g u r a t i o n  wave 

funct ion,  and t h e  DODS wave func t ion  i s  t h e  b e s t  two-configurat ion 

wave funct ion.  One can go on and formulate the  equat ions  f o r  t h e  

b e s t  N-configuration wave func t ion .  Ins tead  of c o n s i d e r i n g  a 

p a r t i c u l a r  SCF scheme, t h e  genera l  N-configurat ion SCF scheme w i l l  

be discussed.  I n  t h e  next  s e c t i o n  a h i e r a r c h y  of SCF funct ions  w i l l  

be derived. The lowest two members of t h e  h i e r a r c h y  w i l l  be  t h e  

RHF and DODS wave func t ions ,  and t h e  h i g h e s t  member w i l l  be t h e  exact 

wave funct ion.  

11. GENERALIZED SELF-CONSISTENT FIELD SCHEMES 

A genera l ized  N-configuration SCF scheme i s  such a scheme which 

g ives  t h e  b e s t  approximate wave func t ion  c o n s i s t i n g  of N c o n f i g u r a t i o n s .  

The general ized SCF schemes f o r  t h e  ground s t a t e  w i l l  be developed as 

members of  a h ie rarchy  of SCF schemes. The lowest member of t h e  

h ie rarchy  i s  t h e  RHF scheme and the  h i g h e s t  member t h e  exact problem. 

I n  t r y i n g  t o  o b t a i n  the  exact wave f u n c t i o n  of a system 

it  i s  customary t o  expand i t  i n  some s u i t a b l e  ( f i n i t e )  TG L 2 )  

s e t  of known, ortho-normalj  one-e lec t ron  func t ions  wi th  unknown 

c o e f f i c i e n t s .  Choosing d i f f e r e n t  s e t s  of func t ions  l eads  t o  d i f f e r e n t  



# I 

f 

11 . 
coefficients and thus to different representations of the same wave 

function. There is, however, one special set of ortho-normal functions 

cc) having the special coefficients 74 such that all off-diagonal k 
coefficients 7~ are equal to zero, i.e. 

with the condition 

which insures that the wave function is normalized to unity. The 

function $k%) is called the k-th natural orbital13-" (NO) and 

the coefficient ";I$ the k-th natural occupation amplitude. For 

some properties of the NO's, see Appendix I. 

The exact wave function, eq. (2.1), consists of an infinity 

of configurations and involves an infinity of NO's and natural 

occupation amplitudes. 

function ~ ~ ~ c l , ~ Z )  will be defined as that N-configuration wave 

function which, when written in NO form, consists of the N orbitals 

An approximate N-configuration SCF wave 

$cc? and the N occupation amplitudes T,,,.., l<k<N, i.e. 
4 % 

(2.3) 

The orbitals $(%I 

and the numbers 

basic N-orbitals and the N-occupation amplitudes can be obtained in 

will be called the (ground-state) basic N-orbitals 
b4 A 

the N-occupation amplitudes. Equations for the %& 



. c 

% i/l *, A v j  I 
t h e  following manner Consider t h e  f y n e t i o n a l  

where 

which is  j u s t  t h e  

- 
( 2 . 4 )  ) 2 4.' 

f= 7 
expec ta t ion  va lue  of t he  Hamiltonian wi th  r e s p e c t  

t o  an a r b i t r a r y  normalized, twc-electron,  E-configurat ion f u n c t i o n  

w r i t t e n  i n  na tu ra l  form as 
A/ w-r/;. k 2 )  

I'= 7 

w i t h  the  c o n s t r a i n t  i= 7 

Those func t ions  for  which t h e  f u n c t i o n a l  a t t a i n s  i t s  lowest s t a t i o n a r y  

value s u b j e c t  t o  t h e  c o n s t r a i n t s  of eq, (2,6) are t h e  b a s i c  N - o r b i t a l s  

x(C1 

d i f f e r e n t i a l  equat ions,  l <  k <  N, 

which sa t  f s f y  t h e  fol lowing N coupled, non-l inear  i n t e g r o -  

r 



c a 

13 
. 

Each basic N-orbital is thus a function of the N parameters /.f 

The lowest stationary value of the functional ~ f ~ ~ , s * * , { p ~  will be 

. R 

denoted by fk(p,l..#,/4w) > where 

224 ;= 7 z < s i / ~  /v /x&i> 

e, 6% **ihJ = 
tg iq= I +/,j<%p,ixi,i /+2 /x4jhQ 

2J-q (2.8) 

i= 7 
which is a function of the N parameters &( . The N-occupation 

amplitudes ?,,,& are obtained by requiring the function fp (@,a-**,Ap) 
to be stationary with respect to variations in the parameters /cI 
That collection of 

lowest stationary value is the collection of the N-occupation 

amplitudes which are given by the equations, I,< g,< /v, 

le 
for which fw[p,,.”,Aw) attains its 

f 2 4 < K 4 R X r , R l + 2 / G d J *  &,j> 
= 52 4 

The N-configuration SCF energyEly is the lowest stationary value 

of the function f~(pq>.*e,/f~) , i.e. 

The integrals appearing in eqs. (2.7) are 

(2.10) 
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and the  quant i  t i e s  2 p, $j are Lagrange parameters brought i n  by t h e  

or tho-normali ty  c o n s t r a i n t s ,  eq .  (2 .6 )  They are 

It w i l l  be assumed t h a t  t h e  b a s i c  N-orb i ta l s  have been arranged i n  

some d e f i n i t e  o r d e r .  

I n  s p e c i f y i n g  a SCF wave f u n c t i o n  one must n o t  only s p e c i f y  

t h e  number of conf igura t ions  i t  i s  t o  conta in ,  bu t  one must a l s o  

s p e c i f y  t h e  angular  symmetry of t h e  o r b i t a l s  o u t  of which t h e  con- 

f i g u r a t i o n s  are  t o  be c o c s t r u c t e d .  Therefore ,  t h e  s u b s c r i p t  N on 

t h e  SCF wave functi0n.s and e n e r g i e s  must be understood as a l i s t  of 

numbers (No,N1, - .  . , N L 9  . )  f o r  L ?  0. The number N t e l l s  how 

many L-type conf igura t ions  t h e  SCF func t ion  @h (g,,c2) c o n t a i n s  

and thys how many L-type o r b i t a l s  are involved. (An L-type o r b i t a l  

L 

i s  an o r b i t a l  whose angular dependence can be descr ibed  by a n  L-th 

order s p h e r i c a l  harmonic, ) For two l i s t s  M and N, one has t h a t  

M) N i f  a t  least  one ML> N L  The o r b i t a l s  ccj w i l l  be 

enumerated by w r i t i n g  l,(k,<M or e q u i v a l e n t l y  by w r i t i n g  1 5  k$ N 

and N + l <  k <  M fo r  N <  M. 

M I 4  

The exac t  wave func t ion  i s  such t h a t  t h e  l i s t  d e f i n i n g  i t  has 

a l l  N e q u a l  t o  i n f i n i t y .  The formalism f o r  t h e  NO'S can  be obtained 

from t h e  b a s i c  N-orb i ta l  formalism above by s e t t i n g  a l l  N equa l  t o  

i n f i n i t y .  Thus, i n  d i s c u s s i n g  t h e  b a s i c  N-orb i ta l s  one can a l s o  be 

L 

L 
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c 

d i s c u s s i n g  t h e  NO'S. 

tha t  a l l  SCF wave func t ions  qJ (x,,cz) are cons t ruc t ed  t o  have t h e  

c o r r e c t  s ymme t r y  p r  oper t i e  s . 

It w i l l  be assumed i n  t h e  fol lowing d i scuss ion  

The b a s i c  N-orb i ta l s ,  t h e  parameters  /f& and thus  t h e  N-occupation 

ampli tudes can be d iv ided  i n t o  two sets: 

parameters  and occupat ion amplitudes and t h e  c o r r e l a t i o n  o r b i t a l s ,  

t h e  i n t r i n s i c  o r b i t a l s ,  

parameters  and occupat ion amplitudes.  The d i f f e r e n c e  between the  

two sets can be made clear i n  the fo l lowing  way. The e l e c t r o n i c  

i n t e r a c t i o n  p o t e n t i a l  l/r 

which can  be considered as measuring t h e  s t r e n g t h  of the  e l e c t r o n i c  

i s  always m u l t i p l i e d  by t h e  f a c t o r  1 / Z  1 2  

i n t e r a c t i o n  r e l a t i v e  t o  t h e  e f f e c t  o f  t h e  c e n t r a l  f i e l d .  As 1 / Z  

approaches ze ro  t h e  e l e c t r o n i c  i n t e r a c t i o n  d isappears ,  and each  SCF 

wave func t ion  ( inc luding  t h e  exac t  wave func t ion )  approaches t h e  zero-  

order  wave f u n c t i o n  d iscussed  a t  t h e  beginning of Sec t ion  I, eq. (1.3). 

The i n t r i n s i c  N-orbi ta ls  a r e  those o r b i t a l s  which approach the  hydrogenic 

o r b i t a l s  occu r r ing  i n  the  zero-order wave func t ion  as 1 / Z  goes t o  zero.  

The i n t r i n s i c  parameters /LI (and thus  the  i n t r i n s i c  N-occupation 

ampl i tudes)  are those parameters which approach non-zero va lues  as 

1 / Z  goes t o  zero .  

-4 

A l l  o ther  bas ic  N-orb i ta l s ,  parameters  and 

N-occupation ampli tudes a r e  c o r r e l a t i o n  o r b i t a l s ,  parameters  and 

ampli tudes.  A l l  c o r r e l a t i o n  parameters approach ze ro  as 1 / Z  

approaches zer 0. 

and 4 Consider two sets of bas ic  o r b i t a l s ,  e .g .  ck) 
3 

where 1< j < M ,  16 k<N and N ( M .  The f i r s t  N of t h e  M-orb i ta l s  

i s  d i f f e r e n t  from the  N-orbi ta ls  because the  M-orb i ta l s  s a t i s f y  M 

coupled equa t ions  and the  N-orb i ta l s  s a t i s f y  N coupled equat ions ,  



h 

eq. (2.7).  However, even though t h e  M-orbi ta ls  and N-orb i ta l s  are 

16 

d i f f e r e n t  func t ions ,  they  are q u i t e  s imi la r .  I f  one se t s  a l l  bu t  t h e  

f i r s t  N parameters /A, l<k<N, i n  t h e  b a s i c  M-orb i ta l s  equal  t o  

zero,  t h e  r e s u l t i n g  func t ions  can be d i v i d e d  i n t o  two sets. The f i r s t  

N of the  r e s u l t i n g  func t ions  s a t i s f y  t h e  N coupled equat ions  which 

can be obtained from t h e  f i r s t  N of t h e  M coupled equat ions,  (eq.  (2.7) 

w i t h  M w r i t t e n  i n s t e a d  of N) d e f i n i n g  t h e  b a s i c  M-orb i ta l s  by s e t t i n g  

a l l  but t h e  f i r s t  N parameters equal  t o  zero.  However, t h e s e  N coupled 
a 

equat ions are j u s t  t h e  equat ions  d e f i n i n g  t h e  b a s i c  N-orb i ta l s ,  

eq. (2 .7) .  The l a s t  M-N of t he  r e s u l t i n g  func t ions  w i l l  be denoted by 
c 

x c K )  and s a t i s f y  t h e  equat ions,  a> N + l  
4 L L  

- 
3- c" 

*=7 l z  
c 

which have been obtained from t h e  l as t  M-N equat ions,  eq.  (2 .7) ,  

by s e t t i n g  t h e  a p p r o p r i a t e  parameters equal  t o  zero.  The Lagrange 

parameters ) E m a n d  ACQR have been obtained from t h e  l a s t  M-N 

Lagrange parameters of eq .  

parameters kg equal  t o  zero.  The o r b i t a l s  XCCJ w i l l  be c a l l e d  

t h e  complimentary N-orb i ta l s  and t h e  Lagrange parameters  mentioned 

- - 
(2.12) by s e t t i n g  a l l  bu t  t h e  f i r s t  N - 

4 a 

above t h e  complimentary Lagrange parameters.  

The k- th  b a s i c  N - o r b i t a l  and t h e  k - t h  b a s i c  M-orbi ta l  s a t i s f y  

equat ions having roughly the  same form. I n  f a c t ,  every b a s i c  o r b i t a l  

s a t i s f i e s  t h e  same type o f  equat ion.  Every complimentary o r b i t a l  

s a t i s f i e s  t h e  same type of equat ion  which, however, i s  d i f f e r e n t  from 
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t h e  type of equa t ion  s a t i s f i e d  by t h e  b a s i c  o r b i t a l s .  The equa t ion  

s a t i s f i e d  by each complimentary N-orb i ta l ,  eq. (2.13), i s  no t  a coupled 

equat ion .  

t o  a l l  of t h e  b a s i c  N-o rb i t a l s .  

Each complimentary o r b i t a l  is  r equ i r ed  only t o  be or thogonal  

Since t h e  s o l u t i o n s  of eq. (2.13) do 

n o t  i n  any way depend on t h e  range of t h e  running s u b s c r i p t  a, it i s  

a r t i f i c i a l  t o  p r e s c r i b e  an upper l i m i t  t o  it. 

cons ider  a l l  p o s s i b l e  complimentary N-o rb i t a l s  of which t h e r e  w i l l  

One might as w e l l  

be a n  i n f i n i t y .  It can be r e a d i l y  v e r i f i e d  t h a t  t h e  complimentary 

N-o rb i t a l s  are mutual ly  orthogonal. 

I n  t h e  above d i scuss ion  the  l i s t s  M and N were a r b i t r a r y  except  

Therefore  t h e  bas ic  N-o rb i t a l s  can be obtained from any t h a t  M > N. 

set  of b a s i c  M o r b i t a l s  which can thus  be obtained from t h e  N O ' s  by 

s e t t i n g  a l l  bu t  t h e  f i r s t  M parameters /t& equal  t o  zero.  

t h e  b a s i c  N-o rb i t a l s  are s p e c i a l  ca ses  of the  f i r s t  N NO's ,  and t h e  

complimentary N-orb i ta l s  a r e  s p e c i a l  ca ses  of t h e  r e s t  of t h e  NO'S. 

Therefore ,  

-L 

The b a s i c  and complimentary N-o rb i t a l s  x and >((&) , t h e  
IYI R rc54 

Iagrange parameters  )ej& and the  func t ion  En/ [p,, 
are a l l  func t ions  of the  N parameters A& . Since t h e  parameters  

, j f. k, occur i n  a similar way i n  eq. (2.7) they  probably 4- 
occur i n  a s i m i l a r  way i n  t h e  above-mentioned q u a n t i t i e s .  However, 

t h e  parameter /t& 

s p e c i a l  way, and t h e  above-mentioned q u a n t i t i e s  depend on it i n  a 

i s  s p e c i a l .  ~ t '  occurs  i n  eq.  (2 .7 )  i n  a 

unique way. Consider, for  example, t h e  k - th  NO xcc j  I n  s e t t i n g  R 
var ious  p a r a m e t e r s k  

a l l  b a s i c  o r b i t a l s  as long as t h e  $-fk parameter /  

t o  zero.  As soon a s  A& i s  s e t  equa l  t o  zero,  even i f  i t  were the  

equa l  t o  zero,  t h e  r e s u l t i n g  o r b i t a l s  are f 
i s  not  equa l  < 
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only  parameter s e t  e q u a l  t o  zero,  t h e  o r b i t a l  becomes a complimentary 

o r b i t a l .  I n  s e t t i n g  parameters equal  t o  zero  one c a n j  o f  course,  never 

s e t  any of t h e  i n t r i n s i c  parameters equal  t o  zero.  

0 Consider t h e  l i s t  N f o r  which a l l  NL are  e q u a l  t o  zero  except  N 

Such a l i s t  i s  t h e  (ground-s ta te )  RHF l i s t  which i s  equal  t o  u n i t y .  

and de f ines  the  RHF wave func t ion .  

are  equal  t o  zero  except  N which i s  equal  t o  2, and the  EHF l i s t  i s  

such t h a t  a l l  NL f o r  L ? l  are equal. t o  1 and No i s  equal  t o  2 .  For 

a phys ica l  i n t e r p r e t a t i o n  of t h e  genera l ized  SCF schemes, see 

The DODS l i s t  i s  such t h a t  a l l  NL 

0 

Appendix 11. 

Since the  b a s i c  N - o r b i t a l s  can be considered as s p e c i a l  cases of 

t h e  b a s i c  M-orbi ta ls  which can be considered as s p e c i a l  cases of t h e  

NO'S, one can consider  t h e  SCF wave func t ion  q p c * q , - d a s  a s p e c i a l  

case of t h e  SCF wave func t ion  $ ~ ( ~ , , ~ ~ )  which can be considered as 

s p e c i a l  c a s e  of t h e  exact wave f u n c t i o n  q<%,%2)o One must, 

t h e r e f o r e ,  have the  fol lowing r e l a t i o n s h i p  

I C Y  

(2.14) 

where E i s  t h e  exac t  energy. 

The SCF equat ions,  eq .  (2 .7 ) ,  are a complicated s e t  of equat ions .  

A s  w i l l  be shown i n  la t .er  s e c t i o n s ,  they  can be solved approximately 

by p e r t u r b a t i o n  theory., I n  t h e  fol lowing s e c t i o n  a convenient 

p e r t u r b a t i o n  method w i l l  be developed and subsequent ly  used t o  o b t a i n  

some zero-order b a s i c  EHF c o r r e l a t i o n  o r b i t a l s .  
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111. PERTURBATION THEORY 

c 

I n  t h i s  s e c t i o n  t h e  pe r tu rba t ion  expansion based on cons ide r ing  

t h e  e l e c t r o n i c  i n t e r a c t i o n  t e r m  i n  t h e  Hamiltonian as a p e r t u r b a t i o n  

w i l l  be def ined  f o r  t h e  two-electron atomic ions  i n  t h e  ground state. 

The f i r s t - o r d e r  equat ions  w i l l  be  der ived  and d iscussed .  

In dea l ing  w i t h  t h e  ground state of a two-electron atomic ion,  

20a i t  is  convenient t o  write the  problem i n  t e r m s  of t he  coord ina te s  

(rl, e1,/?fl,r2, e12,f12) where r 1' el and fl are the  s p h e r i c a l  po la r  

coord ina te s  of E lec t ron  1, r2  i s  the  r a d i a l  coord ina te  of E lec t ron  2, 

and e12 and/f12 are def ined  such t h a t  

cos 872 

and 

s?@t 2 si4 072 =e: 

I n  terms of these  coord ina tes  the 

on only  rl, r2  and and can be 

wave func t ion  

w r i t t e n  as 

Therefore ,  i n  t he  fol lowing d i scuss ion  the  coord ina te s  el, )fl andfl12 

w i l l  be neglec ted .  

be w r i t t e n  as 

The Schrgdinger equat ion  f o r  any S- func t ion  can  

20a 



It w i l l  be assumed t h a t  the wave func t ion  i s  normalized t o  u n i t y ,  The 

e l e c t r o n i c  i n t e r a c t i o n  p o t e n t i a l  i s ,  i n  terms of t he  new coord ina te s ,  
4 

2 1  and can be w r i t t e n  as 

20 

and r, 
and r< 

where the PL(cosB ) a r e  Lengendre polynomials,  
1 2  

are  the l e s s e r  and g rea t e r  of r and K r e s p e c t i v e l y .  The wave 

func t ion  can be w r i t t e n  i n  t he  form 

I 2' 

where v6(%,G) 
and 3' (5 ,G)  the  L-component. 

w i l l  be c a l l e d  t h e  S-component of the  wave func t ion  

The exac t  wave f u n c t i c n  q($,<(e,s i s  the  s o l u t i o n  of a r a t h e r  ) 
complicated eigenvalue problem, eq ,  ( 3 . 4 1 ,  and cannot be obta ined  i n  

c losed  form. However, one can ob ta in  a cons ide rab le  amount of 

4 

information about Qc<, q,e,2) from a p e r t u r b a t i o n  s o l u t i o n  of 



L 

i 
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eq.  (3.4). 

c losed  form, they  are much l e s s  complicated than  eq. (3.4). The 

p e r t u r b a t i o n  method of so lu t ion  i s  based on cons ide r ing  t h e  e l e c t r o n i c  

i n t e r a c t i o n  p o t e n t i a l  l/r as t h e  pe r tu rba t ion .  The term 1 / Z  

mu l t ip ly ing  t h e  1/r12 i n  t h e  Hamiltonian measures t h e  s t r e n g t h  of t h e  

e l e c t r o n i c  i n t e r a c t i o n  r e l a t i v e  t o  t h e  c e n t r a l  f i e l d .  Therefore ,  t h e  

n a t u r a l  p e r t u r b a t i o n  expansion parameter is l / Z ,  and the wave func t ion  

and energy are t o  be expanded as 

Even though t h e  pe r tu rba t ion  equat ions  cannot be solved i n  

12 

and 

w i t h  t h e  fo l lowing  d e f i n i t i o n s  t o  f u l f i l l  t h e  normal iza t ion  c o n d i t i o n  

of eq.  (2.2):  

(3. loa) 

and 

(3. lob)  

Such a p e r t u r b a t i o n  method of sb lv ing  eq. (3.4) was  f i r s t  used by 

Hyl le raas .  20b Even though 1/rI2 i s  by no means a small quan t i ty ,  t h e  

use of 1 / Z  as an expansion parameter i s  j u s t i f i e d .  The wave f u n c t i o n  

and energy expansions, eq. (3.8) and ( 3 . 9 ) ,  are a n a l y t i c  func t ions  of 

1/2. Knight and Scherr" assert t h a t  t h e  energy expansion converges 
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absolu te ly  f o r  all.  Z) 0.77914, 

The zero-order problem i s  Gbtained by n e g l e c t i n g  t h e  p e r t u r b a t i o n  

l /r  12 e n t i r e l y .  

i s  j u s t  t h e  wave func t ion  discussed a t  t h e  beginning o f  S e c t i o n  I. 

Therefore ,  by d e f i n i t i o n ,  t h e  zero-order wave f u n c t i o n  

The zero-order equat ions  are thus' t h e  hydrogenic e igenvalue equat ions  

f o r  the hydrogenic a r b i t a l s  frcm which t h e  zero-order wave f u n c t i o n  

i s  cons t ruc ted ,  The zero-order wave fur.c.tion, eq .  (1 .3) ,  can 

r ewr i t t en  as 

and a l s o  as  

" b  

w i t h  a l l  other  zero-mder  L-component funcrtons equal  t o  zero  

L>  1. 

order  wave f u n c t i o n  dis:us.ed Lri S&CtlGn 1) E") i s  

The zero-order energy f w t i l c h  is n o t  t h e  energy of t h e  

be 

(3.11) 

(3.12) 

f o r  

zero-  

(3.13) 

The hydrogenic Is o r b i t a l  appearing i n  t h e  zero-order wave func t ion  

i s  j u s t  t he  zero-order i i i t r t n s i c  : r r b i t a l  sf t h e  ground s t a t e .  

The f i r s t - o r d e r  wave func t ion  i s  



* 

I 

t 

23 

where 

(3.15) 

t o  s a t i s f y  eq. (3. lob) .  The other f i r s t - o r d e r  component func t ions  

need no t  be or thogonal  t o  t h e  zero-order S-component s i n c e  the  angular  

f u n c t i o n s  t ake  c a r e  of the  or thogonal i ty .  S u b s t i t u t i n g  eqs.  (3.6), 

(3.8) and (3.9) i n t o  eq. ( 3 . 4 ) ,  equa t ing  t o  ze ro  t h e  c o e f f i c i e n t  of 

1 /Z ,  u s ing  eq.  (3.14) and e x t r a c t i n g  out  t h e  c o e f f i c i e n t  of PL(cosQ 12 ) 

by i n t e g r a t i n g  over angles  gives t h e  fo l lowing  set of uncoupled f i r s t -  

o rder  d i f f e r e n t i a l  equat ions :  
k 

The f i r s t - o r d e r  energy E(') i e  

and is equa l  t o  

(3.18) 

(3.19) 

The energy of t h e  zero-order  wave f u n c t i o n  d iscussed  i n  Sec t ion  I i s  

equa l  t o  t h e  sum of E(') and E(1). The symbol d ; , ~  i n  eq.  (3.16) 
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i s  t h e  Kronecker d e  1 t a  , 

From t h e  seccnd-order equat ions ,  which will. n o t  be m i t t e n  do-m, 

t h e  f o l  lowing w e  I1 - know2 expres  s 1. :ne f cr t h e  second -or d e r  ener gy 

(3.20) 

where 

(3.22) 

It i s  convenient write the  f i r s t - c r d e r  wave func t ion  a s  a sum 

of t w o  terms : t h e  s ingle-exc. i ta t icr .  p a r t  and t h e  double-exc i ta t ion  

1 

p a r t .  These e x c i t a t i o n s  a r e  n s t  p h y s i c a l  p rocesses  and must be 

understood i n  t h e  fol lowing way* I n  zero-order,  each e l e c t r o n  ignores  

t h e  presence o f  t h e  o the r  e l e c t r a n  and assumes a. s p a t i a l  d i s t r i b u t i o n  

c h a r a c t e r i s t i c  of a hydrogenic atom, In f i r s t - o r d e r  t h e  motion of 

each e l e c t r o n  i s  inf luenced by t h e  presence c f  t h e  o the r  e l e c t r o n .  

Therefore ,  t he  s p a t i a l  d i s t r i b u t i o p  o f  each e l e c t r o n  i s  a l t e r e d  from 

t h e  zero-order d i s t r i b u t l o n ,  The a l t e r a t i o n  of an e l e c t r o n ' s  

d i s t r i b u t i o n  can be p i c t u r e d  a s  t a k i n g  p lace  by a l lowing  i t  t o  

undergo v i r t u a l  e x c i t a t i o n s  from t h e  zero-order o r b i t a l .  These 

e x c i t a t i o n s  are t h e  s i n g l e  e x c i t a t i o n s  s i n c e  t h e  o the r  e l e c t r o n  always 
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remains i n  i t s  zero-order o r b i t a l .  However, the  d e t a i l e d  motions of 

t h e  e l e c t r o n s  a r e  not  independent bu t  are c o r r e l a t e d .  Therefore ,  

t h e r e  must be a f u r t h e r  readjustment  of each e l e c t r o n ' s  s p a t i a l  

d i s t r i b u t i o n  by means of some coopera t ive  mechanism involv ing  both 

e l e c t r o n s .  This  coopera t ive  mechanism can be descr ibed  by a l lowing  

both  e l e c t r o n s  t o  undergo v i r t u a l  e x c i t a t i o n s  from the  zero-order  

o r b i t a l s .  These e x c i t a t i o n s  a re  t h e  double e x c i t a t i o n s  f o r  which 

n e i t h e r  of t h e  e l e c t r o n s  remains i n  the  zero-order o r b i t a l .  

Formally speaking, t h e  f i r s t - o r d e r  wave func t ion  must be w r i t t e n  

as a supe rpos i t i on  of an  i n f i n i t e  number of conf igu ra t ions .  Let  

q s ( p )  be t h e  complete s e t  of r a d i a l  hydrogenic s - o r b i t a l s  w i t h  

t h e  1s hydrogenic o r b i t a l .  TI& S-component of t h e  f i r s t - o r d e r  wave 
91 I 

func t ion  can be written as 

( 3 . 2 3 )  

where the  a s t e r i s k  r e s t r i c t s  the c o e f f i c i e n t s  such t h a t  t h e  zero-  

order  conf igu ra t ion  does not  appear i n  t h e  sum. The expansion can 

be sepa ra t ed  i n t o  two p a r t s :  

where t h e  s i n g l e - e x c i t a t i o n  par t  of the  f i r s t - o r d e r  S-component has 

t h e  form 



such t h a t  

(3.27) 
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(3.26) 

The double-exc i ta t ion  p a r t  of t h e  f i r s t - o r d e r  S-component i s  

(3.28) 

and i s  s t r o n g l y  or thcgonal  t o  t h e  zero-order o r b i t a l ,  i . .e .  

where the  r y  o u t s i d e  t h e  bracke ts  i n d i c a t e s  i n t e g r a t i o n  over t h a t  

var iable .  The f i r s t - o r d e r  L-components f o r  L> 1 are a l l  a u t o m a t i c a l l y  

double-exc i ta t ion  func t ions  s i n c e  they do n o t  contair? t h e  zero-order 

o r b i t a l .  

S-component. The wave func t ion  9 Ccq, K2) can l ikewise  be analyzed 

i n t o  s i n g l e  and double e x c i t a t i o n s .  

Thus, a l l  of t h e  s i n g l e  e x c i t a t i , o n s  are condensed i n t o  t h e  

The d iscuss ion ,  however, w i l l  be 

r e s t r i c t e d  t o  t h e  f i r s t - o r d e r  problem. 
cy 1 

The equat ions f o r  t he  s i n g l e - e x c i t a t i o n  func t ion  f cp)  can be 

obtained from t h e  f i r s t - o r d e r  equat ion  f o r  t h e  S-component, eq. (3.16) 

wi th  L se t  e q u a l  t o  zero.  S u b s t i t u t i n g  i n t o  eq.  (3 .16)  t h e  zero-order 

wave func t ion  f r o n  eq.  (1,3), t h e  decomposition of t h e  f i r s t - o r d e r  

func t ion  from eq .  (3.241, t h e  form of the  s i n g l e - e x c i t a t i o n  p a r t  of 

t h e  f i r s t - o r d e r  wave func t ion  from eq .  (3.25), mult ip ly ing  by t h e  zero-  

order  o r b i t a l  and i n t e g r a t i n g  over i t s  coord ina tes  one o b t a i n s  wi th  t h e  
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aid of eq. (3.29) the following equation: 
L 

where E(') has been given by eqs. (3.18) and (3.19). 

equation is identical to the first-order RHF equation 

The above 

which gives 

4 
where is Euler's constant equal to 0.5772156649 and where Ei(-2r) 

w 

is the exponential integral defined as 

The equations for the first-order double-excitation functions 

can be obtained from eqs. (3.16). For the cases L> t eq. (3.16) 

is the desired equation since all L-component functions for L> 1 

are double-excitation functions. For the case of L = 0, the single- 

/ 

4 

excitation part of the S-component function must be first removed. 

This is accomplished by substituting into eq. (3.16) (with L set 

equal to zero) the decomposition of the first-order S-component from 

eq. (3.24) and the form of the single-excitation part of the S-component 

from eq. (3.25). Using eq. (3.30) to simplify the result, one obtains 
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where Q, (5, C,) i s  the  fol lowing p r o j e c t i o n  opera tor  

which guarantees  t h a t  the  s o l u t i o n  of t he  doub le -exc i t a t ion  S-type 

equat ion is s t r o n g l y  or thogonal  t o  the  zero-order o r b i t a l .  

order  energy can be separa ted  i n t o  t h e  s i n g l e - e x c i t a t i o n  and double- 

e x c i t a t i o n  con t r ibu t ions ,  One has  

The second- 

( 3 . 3 4 )  

where 

and 

or  

The s e p a r a t i o n  of t h e  f i r s t - o r d e r  problem i n t o  a s ingle:  

e x c i t a t i o n  p a r t  and a doub le -exc i t a t ion  p a r t  has been e a s i l y  accomplished. 

The second- and higher-order  p e r t u r b a t i o n  equat ions  do not  s epa ra t e  
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q u i t e  so nea t ly ,  but  they  do separa te .  This  s e p a r a t i o n  is  a k i n  t o  the  

u s u a l  s e p a r a t i o n  of t h e  wave func t ion  i n t o  t h e  RHF p a r t  and t h e  

c o r r e l a t i o n  p a r t .  24y 25 Even though t h e  s i n g l e - e x c i t a t i o n  func t ion  i s  

n o t  t h e  RHF func t ion  and the c o r r e l a t i o n  func t ion  is  not  t h e  double- 

e x c i t a t i o n  func t ion ,  they  are i d e n t i c a l  through f i r s t - o r d e r  i n  1 / Z .  

Both t h e  s i n g l e - e x c i t a t i o n  func t ion  and t h e  RHF wave func t ion  serve 

t o  a d j u s t  t h e  s p a t i a l  d i s t r i b u t i o n  of each e l e c t r o n  t o  t h e  average 

f i e l d  of t h e  o the r  e l e c t r o n .  This  adjustment t akes  p l ace  one e l e c t r o n  

a t  a t i m e .  Thus, t h e  f i r s t - o r d e r  s i n g l e - e x c i t a t i o n  or RHF equat ion ,  

eq.  (3.30), a d j u s t s  the  s p a t i a l  d i s t r i b u t i o n  of E lec t ron  1 t o  t h e  

average f i e l d  of E lec t ron  2. The average f i e l d  of  E l e c t r o n  2, 

<?5(%)/y7/ 75 (‘i)) 7 is  computed w i t h  the  zero-order 
A 

v; 
o r b i t a l  which i s  p rev ious ly  known. The second-order d i s t r i b u t i o n  

of E lec t ron  1 would i n  the  same way a d j u s t  i t s e l f  t o  t h e  average 

f i e l d  of E lec t ron  2 which i s  ca l cu la t ed  wi th  on ly  t h e  p rev ious ly  

known zero-order and f i r s t - o r d e r  o r b i t a l s .  

The d e t a i l s  of t h e  e l e c t r o n i c  motion, t o  f i r s t - o r d e r ,  are 

contained i n  t h e  f i r s t - o r d e r  double-exc i ta t ion  func t ion  which i s  

i d e n t i c a l  t o  t h e  f i r s t - o r d e r  c o r r e l a t i o n  func t ion .  I n  t h e  next  

s e c t i o n  the  d i s t i n c t i o n  between t h e  s i n g l e - e x c i t a t i o n  processes  

and t h e  double-exc i ta t ion  processes  w i l l  become c l e a r .  It w i l l  

t u r n  out  t h a t  each c o r r e l a t i o n  o r  double-exc i ta t ion  NO s a t i s f i e s  

an  i n t e g r o - d i f f e r e n t i a l  equat ion which shows how t h e  two e l e c t r o n s  

must s imultaneously a d j u s t  t h e i r  charge d i s t r i b u t i o n s  t o  each o the r .  
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I V .  PERTURBATION EXPANSION OF THE SELF-CONSISTENT FIELD 
EQUATIONS FOR THE TWO-ELECTRON ATOMIC IONS 

The p e r t u r b a t i o n  method developed i n  the  previous s e c t i o n  w i l l  

be appl ied t o  t h e  genera l  N-configurat ion SCF schemes d iscussed  i n  

Sec t ion  11. 

f i r g t - o r d e r  formalism of the  previous s e c t i o n  i n t o  NO form and then  

The procedure t o  be used w i l l  be t o  t ransform the  exac t  

t o  ob ta in  t h e  f i r s t - o r d e r  formalism f o r  any N-configurat ion SCF scheme 

by s e t t i n g  equal  t o  zero  the  appropr i a t e  parameters .  

Since the  ground-state  wave func t ion  can  be w r i t t e n  as a sum 

of L-component func t ions ,  eq.  (3.7), t he  N O ' s  can be s p l i t  i n t o  sets 

according t o  angular  symmetry. Since t h e  f i r s t - o r d e r  equat ion  can 

be separated i n t o  d i f f e r e n t  equat ions  f o r  each angular  component, 

t h e  NO equat ion  can l ikewise  be separa ted  i n t o  sets  of equat ions  

fo r  each L-type NO. The parameters /x and the  n a t u r a l  occupat ion 

amp 1 i tude s 94 w i l l  be thus  l a b e l e d p ' x  and 9 ~ 4  . Since t h e  

f i r s t - o r d e r  equat ions  are r a d i a l  equat ions ,  only the  r a d i a l  p a r t s  of 

t h e  N O ' s  need be considered.  They w i l l  be labe led  as % { X  9 and 

t h e  angular dependence w i l l  not  be cons idered .  The L-component of 

t h e  wave func t ion  w i l l  be w r i t t e n  as 

00 

where 

a 

Natural  o r b i t a l s  belonging t o  d i f f e r e n t  component func t ions  do not  

have any s p e c i a l  over lap  p r o p e r t i e s .  The normal iza t ion  condi t ion  
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for the  exac t  wave funct ion,  eq. (2.2),  is 

To e f f e c t  a p e r t u r b a t i o n  expansion of the  NO equat ions one must 

expand the  NO'S, t h e  parameters /$g and the  n a t u r a l  occupation 

amplitudes 7'4 i n  powers of 1 / Z  a s  
00 

7 

and 

(4.4) 

(4. Sa) 

(4.5b) 

The zero-order L-component funct ion w r i t t e n  i n  NO form is, from 

and w r i t t e n  i n  terms of t h e  hydrogenic o r b i t a l s  is  

Comparing the  two forms leads one t o  the  conclusion t h a t  

(4.8a) 
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and 

(0) 

07 
3( Cp)= I s k ) .  

The f i r s t - o r d e r  S-component w r i t t e n  i n  NO form i s  

(4.8b) 

and w r i t t e n  i n  terms of hydrogenic and s i n g l e - e x c i t a t i o n  o r b i t a l s  i s  

(4.10) (7) 
y G , G ,  0 I S C “ ? )  r,) + /=(& 7SClrz). 

Comparing these  two form y i e l d s ,  keeping i n  mind eq. (3.29), 

(4.  l l a )  

and 

(4. l l b )  ( 7  1 
)(’ (L.)  f [ : )  D 

O 7  

There is  only one i n t r i n s i c  NO and one i n t r i n s i c  n a t u r a l  

occupation amplitude fo r  t he  ground s ta te .  They are xl”) and 5 0 7  

r e spec t ive ly ,  and as f a r  as zero  order  and f i r s t  order  go are def ined  

independently of t he  c o r r e l a t i o n  NO’S and c o r r e l a t i o n  n a t u r a l  

occupation ampli tudes.  

and i n t r i n s i c  amplitude are common t o  a l l  f i r s t - o r d e r  SCF wave 

07 

The zero-order and f i r s t - o r d e r  i n t r i n s i c  NO 
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func t ions .  (The second- and h i g h e r - o r d e r - i n t r i n s i c  NO's and i n t r i n s i c  

n a t u r a l  occupation amplitudes depend on the  doub le -exc i t a t ion  p a r t  of 

t h e  wave func t ion . )  Therefore, t h e  following d iscuss ion  w i l l  be 

concerned only with t h e  c o r r e l a t i o n  NO's. As f a r  a s  t he  i n t r i n s i c  NO'e 

and the  e n t i r e  s ing le -exc i t a t ion  problem is  concerned, t h e  NO formalism 

does not o f f e r  any p a r t i c u l a r  advantages. 

The r e a l  advantage of the NO form mani fes t s  i t s e l f  i n  t r e a t i n g  

t h e  double e x c i t a t i o n s .  From the  f i r s t - o r d e r  p a r t  of eq. (4.1) 

(neglec t ing  the  s ing le -exc i t a t ion  p a r t )  one has t h a t  

where kL is equal  t o  1 fa r  L 2 1  and equal  t o  2 for  L = 0. 

from eq. (4.2), . 
One has,  

(4.13) 

fo r  a l l  NO's, j,k> 1. 

)(Cp) 

mul t ip ly ing  by )((Q) and i n t e g r a t i n g  Over r2  . 

n e  equation fo r  t he  c o r r e l a t i o n  o r b i t a l  

i s  obtained by s u b s t i t u t i n g  eq. (4.12) i n t o  eq.  (3.32), 
4 

L A  w 
L R  

Thus, for  L> 0 

(4.14) 
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and the average i n t e r a c t i o n  p o t e n t i a l  V ( r  ) i s  
L 1  

The r ou t s ide  the  b racke t s  i n d i c a t e s  i n t e g r a t i o n  over r 2' and 

P ( 1 , 2 )  is  a permutat ion opera tor  which in te rchanges  r 1 and r 2 i n  t h e  

func t ions  fol lowing i t  p r i o r  t o  i n t e g r a t i o n .  The q u a n t i t y  q ( r  ) is 

2 

L 1  

t h e  following p r o j e c t i o n  opera tor  

which in su res  t h a t  a l l  s- type NO'S are or thogonal  t o  t h e  zero-order  

i n t r i n s i c  o r b i t a l .  

The i n f i n i t e  s e t  of coupled equat ions  (4.14)  fo r  t h e  zero-  

order  c o r r e l a t i o n  NO'S can be obtained by r e q u i r i n g  the  f u n c t i o n a l  

w i t h  
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t o  be s t a t i o n a r y  wi th  r e spec t  t c  v a r i a t i o n s  in a l l  of t he  4Rcr) 
s u b j e c t  t o  the  c o n s t r a i n t s  

( 4 . 2 C )  

f o r  L20, j , k 7 / k L .  

w i l l  be denoted by 

i s  equal  t o  the  zero-order k-th l\ro X ( r ,  k > k 

a func t ion  of t he  i n f i n i t y  of parameters  pr i  , k>kL, so is  t h e  

The lowest s t a t i o n a r y  va lue  of 

and occurs  when each &k (b) t?'mvz p 6 .*) (4 . Since each  NO i s  ' a  / L 

q u a n t i t y  fL cpLLL,,,,) m which can be writter? as 

( 4 . 2 2 )  

The L-component o f  t h e  double-exc i ta t ion  p a r t  of t h e  second-order 

energy, E L,DE ( 2 )  ' i s  obtained by r e q u i r i n g  fTc/.:."x,'*-) t o  be 

s t a t i o n a r y  wi th  r e s p e c t  t o  v a r i a t i o n s  i n  the  parameters  

The set  of f i r s t - o r d e r  n a t u r a l  occupat ion ampli tudes sz i s  t h a t  

set  of va lues  of t he  
( + I  fqt 

fo r  which 3' p ~ & ~ ) .  *m) a t t a i n s  

i t s  lowest s t a t i o n a r y  value,  i . .e .  

( 4 . 2 3 )  
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It i s  t o  be emphasized t h a t  t h e  s t a t i o n a r y  p o i n t  f o r  ~ ~ ' ( p ~ L j , ~ , )  

(2) 

i s  not a s t a t i o n a r y  p o i n t  f o r  any of t h e  e&. $2 ). ..) eq. (4.22). 

One thus has 

where 

w i t h  

w h i c h  

(4.24) 

(4.25) 

is obta ined  by r e q u i r i n g  

It i s  shown i n  Appendix 111 t h a t  

(4.27) 

(4.28) 

121 

f o r  a l l  L and a l l  k> 1. Therefore ,  from eq .  (4.25) a l l  of t h e  f L  4 
must be nega t ive  and thus,  from eq. (4.24), a l l  second-order e n e r g i e s  

must be nega t ive ,  i . e .  

(4.29) 

C9 ) 
A l l  of t h e  d iagonal  Lagrange parameters 3 ,L&( evalua ted  a t  the  

s t a t i o n a r y  po in t  must be p o s i t i v e  s i n c e  i n  genera l ,  from eqs .  (4.14) 

and (4.22), 
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From eq.  (4.14) one c m  s e e  t h a t  the  case  fo r  which a l l  t he  

are negat ive  corresponds t o  the  p o t e n t i a l  K(h) being a t t r a c t i v e .  

/4 

Thus, p o s i t i v e  va lues  of the d iagonal  Lagrange pararceters correspond 

t o  bound-state  s o l u t i o n s  of eq. (L .14)  and t o  nega t ive  second-order 

ene rg ie s .  

a s soc ia t ed  w i t h  the  h ighes t  p o s i t i v e  A 

m 
T k  lowest energy s o l u t i o n  of eq.  (4.14) i s  ,)( (L) and i s  

q (1) 4 
L44 - 

The p e r t u r b a t i o n  fa rmal i sa  for  t he  K-conf igmat ion  SCF schemes 

can be obtained from the  NO formalism by s e t t i n g  a l l  bu t  t h e  f i r s t  N 

par  ame t e r  8 /i;i equal  t c  zera .  The zero-order  formalism f o r  any 

N-configurat ion SCF scheme m r ; s t  be i d e n t i c a l  w i th  t h e  exact zero-order  

formalism. The f i r s t - o r d e r  RHF formalism i s  j u s t  t he  s i n g l e -  

e x c i t a t i o n  formalism of the previous s e c t i o n  w r i t t e n  i n  terms of t he  

zero-  and f i r s t - o r d e r  i n t r i n s i c  o r b i t a l s .  The s i n g l e - e x c i t a t i o n  

p a r t  of the  f i r s t - o r d e r  fcrmalism f o r  any SCF scheme i s  l d e n t i c a l  t o  

the  f i r s t - o r d e r  RHF formalism and involves  only the  i n t r i m i c  b a s i c  

o r b i t  a 1. 

To s e p a r a t e  once and for a l l  t he  s t n g l e - e x c i t a t i o n  p a r t  ou t  of 

t he  f i r s t - o r d e r  formalism of any N-configurat ion SCF scheme f o r  t h e  

ground s ta te  one can proceed as fol lows.  

wave func t ions  yN(g,, $%)one has ,  f o r  t h e  grcund s t a t e ,  

For a l l  p o s s i b l e  N-conf igura t ion  
(91 



. 
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where 

The S-component of every f i r s t - o r d e r  SCF func t ion  can  be d iv ided  i n t o  

the  s i n g l e - e x c i t a t i o n  and double-exc i ta t ion  p a r t s ,  i . e .  

(4.33) 

where 

7 The double-exc i ta t ion  func t ions  are thus ,  fo r  L/ 0, 

where t h e  sum inc ludes  j u s t  t he  zero-order c o r r e l a t i o n  b a s i c  o r b i t a l s .  

The i n t r i n s i c  b a s i c  N-orb i ta l  x ch) is ,  t o  ze ro  order ,  P,O 7 

(4.36a) 

and, t o  f i r s t  o rde r ,  (see eq. (3.31)), 
r 

(4.36b) 
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The i n t r i m i c  N-occupation a r p l i t u d e  is ,  t o  ze ro  c rde r ,  

and, t o  f i r s t - o r d e r ,  

(4.37a) 

(4.37b) 

9a The s i n g l e - e x c i t a t i o n  con t r ibu t ion  t o  any SCF second-order energy is ,  

f o r  a l l  SCF schemes, 

or 

‘‘I equal  t o  ze ro  

s p l i t s  the  i n f i n i t e  s e t  of equa t ions ,  eq.  (4 .14) ,  i n t o  two sets: 
A 4  

S e t t i n g  a l l  bu t  t he  f irst  N parameters 

(0)  t h e  f i n i t e  se t  f o r  the basic  c o r r e l a t i o n  N-orb i t a l s  )( rp) 

f- 

and t h e  i n f i n i t i  se t  for t h e  complimentary N-o rb i t a l s  x 

(4.39) 

J 



. 
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where, from eq. (4.13), 

and 

(4.41a) 

(4.41b) 

( 4 . 4 1 4  

From eq. (4.151, one has 

or 

and also 

(4.42b) 

(4.43) 
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and 

o r  

S i m i l a r l y  t o  t h e  case  of the  NO'S,  the  equat ions  (4.39) 

(4.44a) 

(4.44b) 

fo r  t h e  

CJ (2) 
w i t h  t h e  3'~ fL& f given by eq. (4.19),  t o  be s t a t i o n a r y  wi th  

r e s p e c t  t o  v a r i a t i o n s  i n  a l l  of t h e  fLk s u b j e c t  t o  t h e  c o n s t r a i n t s  

given by eq. (4.20). The lowest s t a t i o n a r y  va lue  of t h e  f u n c t i o n a l  
/O 1 

i s  a t t a i n e d  when each f i s  equal  t o  Xc;] and w i l l  be denoted by 
4.4 Lk 

, where 

(4.47) 



which is  a func t ion  of t he  p a r a m e t e r s f i 2  , 5& L 1  < - R , < P L .  

The L-component of t he  double-exc i ta t ion  p a r t  of t he  second- 

i s  obtained by r e q u i r i n g  order N-configuration SCF energy, EN,L,DE (2 )  

t he  funct ion t o  be s t a t i o n a r y  wi th  r e s p e c t  t o  v a r i a t i o n s  

3;; , but  t he  

in the parameters 

parameters which lead t o  s t a t i o n a r y  va lues  fo r  

"' . There may be many s e t s  of va lues  fo r  t hese  

required s e t  i s  t h a t  one which leads  t o  the  lowest s t a t i o n a r y  value.  

Thus, 

(4.48) 

where 

w i t h  

which a r e  the  s p e c i a l  va lues  of the  parameters obtained by r e q u i r i n g  

(4.51) 

Just as t he  q u a n t i t i e s  2 i% , t he  fl74 are not  s t a t i o n a r y  

fo r  those va lues  of t he  parameters which make s t a t i o n a r y .  

S imi l a r ly  t o  the  NO'S, one has t h a t  

(4.52) 

41 
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and 

(4.53) 

(21 
s i n c e  a l l  E I . , ~ ~  are negat ive.  AII diagonal  Lagrange parameters  

eva lua ted  a t  the  s t a t i o n a r y  p o i n t  are p o s i t i v e  s ince ,  i n  general ,  

The equat ions  f o r  a l l  zero-order Complimentary N-orb i ta l s  
-rat  - /oj can be obtained from t h e  f u n c t i o n a l %  , where 

- >( (4 
N, La/ 

(4.55) 

by r e q u i r i n g  i t  t o  be s t a t i o n a r y  w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  t h e  

func t ion  f s u b j e c t  t o  t h e  c o n s t r a i n t s  

(4.56a) 

and 

(4.56b) 

fY 
are ze ro  f o r  3L f o r  kL,& k <NL. The values of t h e  f u n c t i o n ?  

a l l  complimentary o r b i t a l s .  

A l l  of t he  zero-order c o r r e l a t i o n  b a s i c  and complimentary N- 

o r b i t a l s  are func t ions  of the parameters  /clL';I . This  dependence 

w i l l  be d iscussed  i n  the next s e c t i o n  i n  connect ion w i t h  the  f i r s t -  

order  EHF scheme. 



V. THE ZERO-ORDER EXTENDED HARTREE-FOCK ORBITALS 

The EHF scheme i s  such a SCF scheme whose wave func t ion  c o n s i s t s  

of two s - type  o r b i t a l  con f igu ra t ions  and one L-type o r b i t a l  conf igura-  

t i o n  for  each L 2 1 .  

o r b i t a l  of each angular type and i s  thus  t h e  s imples t  SCF scheme which 

takes  a l l  types of angular  c o r r e l a t i o n  i n t o  account.  The DODS wave - 

func t ion  c o n s i s t s  of two s - o r b i t a l  con f igu ra t ions ,  which are, 

through f i r s t  o rder  i n  1 / Z ,  i d e n t i c a l  wi th  the  EHF s - o r b i t a l  

conf igura t ions .  

func t ion  which takes  r a d i a l  c o r r e l a t i o n  i n t o  account.  Thus,, i n  

d i scuss ing  the  f i r s t - o r d e r  s - type  EHF equat ions  one i s  a l s o  d i s c u s s i n g  

t h e  f i r s t - o r d e r  DODS equat ions.  I n  t h i s  s e c t i o n  t h e  f i r s t - o r d e r  EHF 

equat ions12 fo r  the  ground s ta te  w i l l  be discussed,  and t h e  r e l a t i o n -  

s h i p  of the zero-order EHF o r b i t a l s  t o  t h e  zero-order NO's w i l l  be  

The EHF scheme involves  one c o r r e l a t i o n  b a s i c  

The DODS wave func t ion  i s  t h e  s imples t  r a d i a l  

i nves t iga t ed .  

The s i n g l e - e x c i t a t i o n  p a r t  of t he  f i r s t - o r d e r  EHF problem can  

be fac tored  out  and t h e  i n t r i n s i c  o r b i t a l  and occupat ion amplitude 

disposed of as i n  t h e  previous sec t ion ,  eqs .  (4.31) t o  (4.38b).  The 

formalism f o r  t he  zero-order c o r r e l a t i o n  EHF o r b i t a l s  can be obtained 

from eqs.  (4.39) t o  (4.56b) by w r i t i n g  "EHF" i n  p l ace  of "N" and by 

L' l i m i t i n g  the  ranges  of a l l  i n d i c e s  t o  t h e  one va lue  k 

The one b a s i c  c o r r e l a t i o n  EHF o r b i t a l  of each angular  type i s  

j u s t  the f i r s t  c o r r e l a t i o n  NO of each angular  type wi th  a l l  c o r r e l a t i o n  

parameters /c.' Tk except  t he  f i r s t  one set equal  t o  zero.  The 

complimentary EHF o r b i t a l s  are a l l  t he  other  NO's with  a l l  bu t  t h e  
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f i r s t  c o r r e l a t i o n  parameter se t  equal  t o  zero,  Suppose, however, 

t h a t  a l l  c o r r e l a t i o n  parameters except  the  k- th  one were set  equal  

t o  zero.  I n  such a case  the k - th  NO would become an  "exci ted" b a s i c  

EHF o r b i t a l  whi le  a l l  other  NO'S would be turned i n t o  complimentary EHF 

o r b i t a l s .  Therefore ,  one can have many d i f f e r e n t  EHF o r b i t a l s  and 

thus  as many d i f f e r e n t  se ts  of complimentary EHF o r b i t a l s .  I n  

Sec t ion  I1 it was always assumed t h a t  a l l  but  t ne  lcwest few 

c o r r e l a t i o n  parameters were se t  equal  t o  zero i n  ob ta in ing  b a s i c  

o r b i t a l s  from NO'S. Excited b a s i c  o r b i t a l s  such as the  exc i t ed  EHF 

o r b i t a l s  mentioned above were not  considered i n  Sec t ion  11. 

The zero-order b a s i c  c o r r e l a t i o n  EHF o r b i t a l s  w i l l  be denoted 
fof (9) 

by )( Ch) 

k >  kL. 

and the  f i r s t - o r d e r  EHF occupat ion amplitudes by s~fir;~& 
€ W , L  4 

The set  of zero-order EHF o r b i t a l s  complimentary t o  t h e  
--fa I 

b a s i c  EHF o r b i t a l  )( Et&( w i l l  be denoted ,)( EYF4LR' C*l a#R. 
The equat ions  f o r  the  zero-order b a s i c  EHF o r b i t a l s  are, from 

eq. ( 4 . 3 9 1 ,  

w i t h  no upper l i m i t  on t h e  index k. The equat ions  fo r  t h e  zero-  

order  complimentary EHF o r b i t a l s ,  from eq. ( 4 . 4 0 1 ,  a r e  
L 

where the  only r e s t r i c t i o n  on t h e  index a i s  a # k. The d e f i n i t i o n s  

of t h e  Lagrange parameters  appearing i n  t h e  above equat ions  are 
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given by eqs.  (4.41a) t o  (4.44b) of Sec t ion  I V .  

I t  should be noted t h a t  t he  equat ions  f o r  t h e  zero-order  EHF 

o r b i t a l s  are a l l  uncoupled, i . e .  each b a s i c  o r b i t a l  s a t i s f i e s  an 

equat ion independent of a l l  t he  o ther  b a s i c  EHF o r b i t a l s .  

t o  be expected s i n c e  t h e r e  i s  r e a l l y  only one c o r r e l a t i o n  EHF o r b i t a l  - 
This  is 

the  lowes t  energy s o l u t i o n  of eq.  (5 .1)  ( i . e .  t he  s o l u t i o n  a s soc ia t ed  

w i t h  the h ighes t  p o e i t i v e  ]EHF;L&) .  A l l  s o l u t i o n s  of eq. (5.1), 

the  lowes t  one and the  exc i t ed  ones, are t i e d  t o  the  ground s ta te  by 

the  form of the  p o t e n t i a l s  V b ( r l ) ,  eq.  (4 .16) .  

connection o f  t h e  EHF o r b i t a l s  w i th  the  N O ' s ,  one can consider  the  

par ame t e r 6 

d i f f e r e n t  va lues  of one and t h e  same th ing .  

(7) 

I n  view of the  

'I' as d i f f e r e n t  e n t i t i e s  or  a l t e r n a t i v e l y ,  as 
A 4 

Since the  bas i c  and complimentary N-orb i ta l s  are s p e c i a l  cases 

of the NO's ,  one would expect  the  genera l  c h a r a c t e r i s t i c s  of any 

N-configuration SCF scheme t o  be the  same as those of t h e  NO scheme. 

I n  other words, one would expect  t h a t  t he  func t iona l  form of t h e  

k- th  N-orbi ta l  and the  r e l a t i v e  magnitudes of two Lagrange parameters 

3 p, $4 and two func t ions  t o  be the same as f o r  the  N O ' s .  

Th i s  suppos i t ion  can be made p l a u s i b l e  fo r  t h e  zero-order EHF o r b i t a l s  

i n  the fol lowing manner. 

Consider eq.  (5 .1) ,  and l e t  it be r e w r i t t e n  i n  the  form 
CI 

where 
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For a f ixed  va lue  of the  Fa:..-rneter/dr yk t h e  opera tor  

Hermitian w i t h  r e s p e c t  t o  a l l  s z i t d b l y  k t e g r a b i e  functiorrs.  (The 

func t ions  must be  orthogonal t o  t he  Is hydrogenic o r b i t a l  i f  L i s  

equal  t o  ze ro . )  Eqnation ( 5 . 3 )  i s  t he re fo re ,  f o r  a f ixed  va lue  of 

t h e  parameter,  an  eigenvalue equat ion  wi th  ) EMF, ~ g $  as e igen-  

va lues  and the  >c I@) as e igex fanc t ions .  The e igenvalues  w i l l  

a l l  be r ea l  and, fo r  negat ive value5 of t he  parameter,  w i l l  be 

[flj 

fo) 

EMF, LR 
p o s i t i v e .  The e igenfunct icns  vi11 be mutual ly  or thogonal  only f o r  

, s ince ,  from equal  va lues  of  t h e  parameters C? '4 a n d p L 9  

Each of )( (k-j (0) , ] c i cL#nd  &;;,'< i s  a func t ion  of 
EW,& 

only the  one parameter In t h e  l i m i t  as the  parameter 

approac.hes zero,  the  eigenvalue equat ion,  eq.  (5.31, approaches 

the  equat ion  
P 

where the  l i m i t i n g  o r b i t a l s  and Lagrange parameters  have been 

des igna ted  as >( c r , ,~ )  and jL:kL~(, r e s p e c t i v e l y .  From eq. 

(4.47), t h e  l i m i t i n g  values  of the f E R F t L 4 a r e  zero  f o r  a l l  k. 

The l i m i t i n g  o r b i t a l s  a r e  j u s t  the  zero-order coinplimentary RHF 

o r b i t a l s  % cp) . Writing 

(0) (71 

EtiF, LR (21 

- (0) 

R H F ,  L 4/ 
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and 

and d i f f e r e n t i a t i n g  eq.  (5.6) twice wi th  

e quat  ion 

r e s p e c t  t o  r g ives  the  1 

( 5 . 7 )  

(5.8) 

which can  be solved f o r  L=O t o  give,  k >  kL , 
/ 

where d6& i s  the  k- th  l a r g e s t  s o l u t i o n  of the  equat ion  

(5.11) 

and must thus  be p o s i t i v e .  The func t ions  J and Y are the  ord inary  

Bessel func t ions26  of order  ze ro  of t h e  f i r s t  and second kinds,  

r e spec t ive ly ,  NOk i s  a normal iza t ion  cons t an t  and )f i s  E u l e r ' s  

cons tan t .  The o r b i t a l s  x C@;O) 

orthogonal t o  t h e  1s hydragenic o r b i t a l  a l though t h e  s o l u t i o n s  of 

0 0 

/d 
have a l l  been cons t ruc ted  t o  be 

EtfF,o 4 
eq .  (5 .9 )  need no t  be so. The k- th  o r b i t a l  has  k-1 nodes. I f  t h e  

o r b i t a l s  are arranged according t o  i n c r e a s i n g  number of  nodes, 
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)(%;O) having fewer nodes 
E h u ; o j  

have, from eq. (5.7), t h a t  

Although the  s o l u t i o n s  of eq, (5 .9)  could no t  be obtained f o r  L> 1, 
/ 

one supposes t h a t  would have t h e  same kinds of p r o p e r t i e s  a s  the  ones 

d iscussed  f o r  t he  case  t-0 above. 

I n  t h e  case t h a t  the  parameter ,& approaches nega t ive  
(7 1 

i n f i n i t y ,  a l l  of t he  diagonal Lagrange parameters %EffF;L&qzoach 

p o s i t i v e  i n f i n i t y .  However, t he  q u a n t i t i e s  cFHF;L& def ined  as 
f7t 

(5.12) 

remain f i n i t e  fo r  non-zero. The l i m i t i n g  o r b i t a l s  and 

l i m i t i n g  e p s i l o n s  w i l l  be denoted 

equal  t o  nega t ive  i n f i n i t y .  Equation ( 5 . 3 )  thus  becomes the  l i m i t i n g  

r equat ion  

f o r  k > k  and i s  j u s t  t h e  equat ion  f o r  the  hydrogenic o r b i t a l s .  r L  

CL. )  denotes  the  k-th hydrogenic o r b i t a l  of L-th angular  
If %a 
type,  one has  t h a t  

and 

(5.14b) 
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fo) Therefore  t h e  l i m i t i n g  function%cp,.w) has  k nodes f o r  Lb 1 and 
r E H E L R  

k-1 nodes f o r  L = 0. I f  t he  o r b i t a l s ’ a r e  arranged accord ing  t o  

inc reas ing  number of nodes, one then  has  the  r e l a t i o n s h i p  

where t h e  b a r s  i n d i c a t e  

absolu te  value.  This  o rde r ing  of t h e  e p s i l o n s  i s  i n  the  same . P I  
d i r e c t i o n  as the  o rde r ing  of t he  

The s t r u c t u r e  of t he  eigenvalue problem, eq .  (5 .3) ,  i s  t h e  same 

“’ equal  t o  ze ro  and t o  nega t ive  i n f i n i t y .  (Since f o r  
for 
p o s i t i v e  va lues  of the  parameters 

are p o s i t i v e  and the  Lagrange parameters j,sHr;q(<are negative,  

eq. (5.3) approaches the  hydrogenic equat ion  wi th  p o s i t i v e  and thus  

continuous eigenvalues  i n  the  l i m i t  t h a t  / 
i n f i n i t y . )  The number of s o l u t i o n s  does not  depend on the  p a r t i c u l a r  

va lue  given t o  /.Fk nor does t h e  nodal s t r u c t u r e  of t he  s o l u t i o n s  

or  the o rde r ing  of t h e  eigenvalues .  Both l i m i t i n g  forms of t h e  

o r b i t a l s ,  )( [ r , ’ O )  and f l c v j p )  

near ze ro  which i s  j u s t  how the  o r b i t a l s ) (  /‘‘I 
w r i t i n g  out  t he  s o l u t i o n s  of  eqs .  (5.1) and (5.9) one can show t h a t  

‘‘’ t he  second-order ene rg ie s  
JM (71 

approaches p o s i t i v e  

/b I (0) 
behave l i k e  hydrogenic func t ions  

must behave. By 
EHf& €HF,+ f o  1 

E t f d  

p ;*k f o r  any va lue  of 
I. 

(5.15) 

Therefore,  it seems reasonable  t o  assume t h a t  t h e  s t r u c t u r e  of t he  

eigenvalue problem, eq.  (5 .3) ,  i s  independent of t he  parameters  /A$ 
The above d i scuss ions  lends some p l a u s i b i l i t y  t o  cons ide r ing  

t h e  k- th  EHF o r b i t a l  as j u s t  t he  k- th  NO wi th  a l l  bu t  t h e  k- th  
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parameter pri se t  equal  t o  zero,  and s i m i l a r l y  f o r  t h e  Lagrange 

parameters 
(21 

t h e  f m c t f c n s  f ~ v c ~ <  and t h e  ene rg ie s  
J 2 G  L ?f4 (a) (2 1 

fE+,$a One can thus  consider the  func t ion  )c C r / * P )  , eq. (5.14a), 
/ EtfqLR 

P2 as the  k- th  NO wi th  a11 parameters set  equal  t o  ze ro  except  

which i s  equa l  t o  nega t ive  i n f i n i t y .  Since t h e s e  l i m i t i n g  o r b i t a l s  

( toge ther  w i th  t h e  1s hydrogenic o r b i t a l )  form a complete s e t  of 

one-e lec t ron  func t ions ,  one would suspec t  t h a t  t he  zero-order i n t r i n s i c  

and c o r r e l a t i o n  NO's formed a complete s e t  of one-e lec t ron  func t ions .  

This  is a reasonable  conclusion s i n c e  the  opera tor  vLc?+g eq. (5.4),  

is a Hermitian opera tor .  One would a l s o  suspec t  t h a t  t h e  e x a c t  NO'S %A') discussed  i n  Sect ion I1 form a complete set  of one-electron 

func t ions .  
(01 

The l i m i t i n g  funct ions x C 9.0) eq .  (5. l o ) ,  can be considered ec.cc L R 9  
as s p e c i a l  cases of the NO's and the re fo re ,  ( toge ther  w i th  t h e  .Is 

hydrogenic o r b i t a l )  as forming a complete se t  of one-e lec t ron  

func t ions .  However, s i n c e  eq.  (5.6) can be r e w r i t t e n  as 

where 

/ol 
t h e  l i m i t i n g  b a s i c  o r b i t a l s  )( Cr,-al (which are a l s o  t h e  zero-  

order  complimentary RHF o r b i t a l s )  a r e  ( cons t r a ined )  n a t u r a l  o r b i t a l s  
Et+ F , L R  
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n a t u r a l  occupat ion amplitudes of t hese  func t ions .  I n  f a c t ,  from 

eqs .  (4.40) and ( 4 . 5 5 )  one can see  t h a t  any se t  of complimentary 

o r b i t a l s  i s  a s u i t a b l y  cons t ra ined  set  of n a t u r a l  o r b i t a l s  of t h e  

. The unconstrained n a t u r a l  o r b i t a l s  of 

t h i s  func t ion  form a complete s e t  of one-e lec t ron  func t ions .  S ince  

the  n a t u r a l  expansion of J - 1  lTj2 

r equ i r e s  a complete s e t  of func t ions ,  one suspec t s  t h a t  a l l  t he  

n a t u r a l  occupat ion amplitudes of t h e  two - e l e c t r o n  wave 

funct ion a r e  non-zero. 

The func t ion  , eq. (4.22),  i s  a func t ion  of t h e  i n f i n i t y  

of parameters 

Thus, each 

dimensional coord ina te  space.  

at those p o i n t s  whose coord ina tes  ,Qrk s a t i s f y  t h e  equat ions  

which can be considered as coord ina te s .  

can be considered as a su r face  i n  an  i n f i n i t e -  

Each su r face  has  extreme va lues  

(5.18a) 
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which were obta ined  by r equ i r ing  

6 (5.19) 

f o r  a l l  i> kL. 

i s  ze ro  a long  each axis i n  the  coord ina te  space except  t h e  

The p r o j e c t i o n  of ? L A  on t h e  

(See eqs.  (4.22) and (4 .42a) . )  Each s u r f a c e  
I 

-axis. 
(4 

(4.47).  A t  t h e  o r i g i n  of  t he  coord ina te  space each 

/:k-axis i s  j u s t  t he  func t ion  

- & E n ~ , ~ & , e q .  9 
su r face  -eL% 
)fyk -axis i t  is equa l  to  p o s i t i v e  i n f i n i t y  which f a c t  can  be 

deduced from eqs.  (4.54), (5.12) and (5.14b).  From eqs.  (5.18) one 

i s  ze ro .  A t  the  nega t ive  i n f i n i t y  end of t he  

knows t h a t  t he re  must be a t  least  one s t a t i o n a r y  o r  extreme v a l u e , o f  

rw 
l e t  it occur a t  t h e  p o i n t  a t  which /f L& 

One thus  has, from eqs .  (4.49) t o  (4.56),  k > kL, t h a t  

has  the  va lue  

I 

wi th  

CV 
which can a l s o  be obtained from eq .  (5.18a). Since a l l  3 ~ ~ ~ ~ 4  
are negat ive  (see eq. (4.5211, t h e  va lues  

a l l  be nega t ive  and must t h u s  correspond t o  minimum va lues  of t h e  

A< , k>%, must 

L 
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( Zl 
).  The L-component of t he  doub le -exc i t a t ion  

(Or $t& 
p a r t  of t he  second-order EHF energy 

( 5 . 2 2 )  

li 7 k + 1, are t h e  second-order ene rg ie s  The q u a n t i t i e s  EEWqL& ~ 

assoc ia ted  wi th  t h e  exc i t ed  EHF o r b i t a l s .  

(e) 

There a r e  i n  gene ra l  many o ther  s t a t i o n a r y  va lues  of -e ;> 
l y i n g  o f f  of t he  /frk -axis s i n c e  t h e r e  are i n  gene ra l  many 

so lu t ions  of eqs .  (5.18). Since the  EHF o r b i t a l  )( 'ye/ 
lowest s o l u t i o n  of eq.  (5 .1)  (has the  h ighes t  p o s i t i v e  

i s  t h e  
Err6 L4& 

> [ + I  

one m u s t  have 

Th i s  i nequa l i ty  can be demonstrated i n  the  fol lowing way. The 

expanded i n  the  set  of s o l u t i o n s  of eq. (5.1), i . e .  

w i t h  

( 5 . 2 3 )  

( 5 . 2 4 )  

( 5 . 2 5 )  
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It w a s  mentioned a t  t h e  beginning of t h i s  s e c t i o n  t h a t  t he  parameters 

yk could be considered as d i s t i n c t  e n t i t i e s  or as d i f f e r e n t  

va lues  of one and the  same thing.  Up t o  now the  parameter 

has  been considered as a d i f f e r e n t  e n t i t y  from the  parameter 

However, i n  t h e  fol lowing d iscuss ion  l e t  

considered as p a r t i c u l a r  values of one and the  same parameter 

74 
/M Cq) L,( and/?$- be 

Therefore ,  eq.  (5.1) can be r e w r i t t e n  as 
r- 

From eq. ( 4 . 4 7 )  one has 

and from eq .  ( 5 . 2 6 )  

Using eqs. ( 4 . 5 4 )  and ( 5 . 2 5 ) ,  one has 

(5 .29 )  

c7/ 
and s i n c e  ) E f i ~ ; L h ~ e ~  
eq. ( 5 . 2 6 ) ,  eq. ( 5 . 2 3 )  must follow. Unfortunately,  one cannot say 

is t h e  h ighes t  p o s i t i v e  e igenvalue  of 

(2) m 
anyth ing  about the  r e l a t i v e  magnitudes of fffiGL< and t h e  z&L4 
f o r  k)% . 
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V I .  NLMERICAL SOLUTlOLq @I: '.'RE F TRS'L-OKDLR EXTEKDED 
IWRTREE -FOLK. EQI!A'I'IOfu'S 

Approximate numerical  s o l u t i o n s  of s e v e r a l  f i r s t  -or der EHF 

equat ions ,  eq. (5 .1 ) ,  were obta ined .  i n  t h i s  s e c t i o n  the  numerical  

inetilod w i l l  be descr ibed  and some second-order EHF e n e r g i e s  w i l l  be 

t a b u l a t e d .  
lo) 

E h f ,  Ll( 
Each zero-order EHF b a s i c  c o r r e l a t i o n  o r b i t a l  )( C h )  Y k) kLY 

was approximated by the  fol lowing type of ( t runca ted )  expansion i n  

terms o f  the  complete se t  of f u n c t i o n s q v l  cb) , i . e .  

ii > 9, and have t h e  convenien, fe=it a r e  of possess ing  no cout  i i i i i i im  

c o n t r i b u t i o c .  (The func t ions  4:;) a r e  not e x a c t l y  those of  

r e f e r e n c e s  27 and 2 8 ;  f o r  d e t a i l s  see Appendix IV.) Sone sample 

c a l c u l a t i o n s  were performed u s i n g  a s c a l e  f a c t o r ,  but s i n c e  t h e  

/ 

opt imal  value o f  t h e  s c a l e  f a c t o r  turned out  t o  be very  c l o s e  t o  

u n i t y  no sca l e  f a c t o r  was used i n  the  c a l c u l a t i o n s .  

Each f i r s t - o r d e r  EHF d i f f e r e n t i a l  equat ion ,  c q .  ( 5 . 1 ) ,  was 

r ep laced  by the f i n i t e  s e t  o f  l i n e a r  equati-ons 

( 6 . 3 )  
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* (7) 

where t h e  opt imal  va lue  of f l L R  i s  given, from eq, (4 .50) ,  by 

p;? - - - z Z4,q vL/&qh ZA,q (6 .4)  
fi, f l  

7, 7 + 2 g  ys z4vM Limy CL+ 
The q u a n t i t i e s  hL,mn and V 

h 

func t ions  {fs) 
q u a n t i t y  i n d i c a t e s  a numerical approximation t o  the  quan t i ty .  

are ma t r ix  elements of t he  ope ra to r s  

and VL, eqs.  (3.17) and (b.16) r e s p e c t i v e l y ,  wi th  r e s p e c t  t o  the  

L, mn 

L 
For d e t a i l s ,  see Appendix I V .  The t i l d a  over a 

z COI 
Since the  o r b i t a l s  )( are approximate because they are E t t 5 4  

expressed as t runca ted  expansions of a complete se t  of func t ions ,  

one can use MacDonald's theorems2' t o  show t h a t  ( fo r  nega t ive  /a) 
I ,  

and thus,  from eq. (4.54),  t h a t  

However, s i n c e  the  opt imal  va lue  

w i l l  i n  general  be d i f f e r e n t  from t h e  va lue  T~fi lc;~& Cq) 

f o r  any given va lue  of 
'L (7) 

one has  t h a t  
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which s ta tes  t h a t  any numerical  secozid-order EHF energy i s  an  upper 

bound t o  t h e  t r u e  second-order E , I V  eyiergy. Unfortunately,  no th ing  - (9) C7J 
can be s a i d  about t h e  r e l a t i o n  between ffl / F f i 6 4  and ? € r t F ; L R '  

/e 
The c o e f f i c i e n t s  .&e, were o b t a i n e d  by sa1vin.g equat ions  

a "' was guessed 1 , 3 0  
(6 .3)  and ( 6 . 4 )  i n t e r a c t i v e l y ,  

and used in eq .  ( 6 . 3 )  w h i z h  was they1 soLved as a n  eigenvalue problem. 
?, 

Using t h e  va lues  obtained f o r  the coefficients C L $  

a new value f o r  

as the  next  guess in s o l v i n g  e q -  ( 6 . 3 ) .  This  cyc le  was repea ted  u n t i l  

the  values  of  EEhcL  -&k 

from eq. (6.3), ( q  
w a s  c a l c u l a t e d  from eq. ( 6 . 4 )  and was used 22 

l - b  (2) 
eq. ( k . 4 7 ) ?  c a l c u l a t e d  wi th  two 

successive guesses f o r  ' /4 -v'.p) & agreed t o  a prescr ibed  number of 

s i g n i f i c a n t  f i g u r e s .  When s u c h  agreement w a s  a t t a i n e d ,  t h e  l a s t  

4 ,, and t h e  corresponding 
-v (9) 

guess f o r  f iL  4 was c a r l e d  

2 6z) 
a The EEEF e n e r g i e s  ik E H f i  L - 4  

v a l u e  of was c a l l e d  

i n  a t o m i c  u n i t s  and occupati.cn amplitudes s o  cb ta ined  are l i s t e d  i n  

Tables I through III. Ea.ch r e s u l t  qu2ted corresponds t o  a f o r t y  

t e r m  expansion of the f u n c t i o n  T h e  c o e f f i c i e n t s  
/L Em=( .$ 

f o r  t h e  v a r i o u s  funct<otls a.re l i s t e d  Ln Appendix V. C L & ,  fl 

The c a l c u l a t i o n s  were performed 3r-l a CDC 1604 computer u s i n g  a 

F o r t r a n  63 program. The e~geriva.!u.e problen ,  eq. ( 6 . 3 ) ,  w a s  solved 

by d iagonal iz ing  t h e  secular  determinant w i th  a Jacobi  r o t a t i o n  

31 method. 

Although t h e  f i r s t - o r d e r  EKF equat ions  cculd not  b e  solved 

a n a l y t i c a l l y ,  they  were e a s i l y  p r c g r a m e d  w i t h  a genera l  program 

f o r  a l l  angular  t y p e s .  In t he  next s e c t i o n  t h e  p e r t u r b a t i o n  r e s u l t s  

of  Tables 1 through III w i l l  be c.nmpared w i t h  o the r  v a l u e s  from t h e  
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TABLE I 

4 
2 

3 

4 

5 

a 

a 
Some Second-Order EHF S-component Energies 

CY ( Z? tw  
c *I 

e E R f p l a  
&3-tcbL ‘f Et15 03 

8 10’~ K 10 -iY I( ?0-5 X W 2  
-0.89009 x 10-1 -1.32060 64.838 722.72 751.06 

6.898 -4.16507 5.496 
+ c.ccc-- 

-0.87826 x lom2 -0.28896 

-0.07821 -2.7283 -5.1618 -0.07806 
3. --.+- 

-2.2104 x 

-1.12 
.C-s 

-0.0290 -0.911 -3.47 -4 -0.81 x 10 

I 1.1 
The numbers in bold type are the E,,,;,d 

L 
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TABLE I1 

Some Second-Order EHF P-component Energies 

i 
1 

2 

3 

4 

(1) fa/ 
f E H 6  1 7  

P 7 r 2  
-1.18200 x 10" -2.35373 

'€"& 

-1.7 x lo-* -0.70595 

- 4 . 3  -0.205 

-0.077 -3 -1.6 x 10 

e 

-1.26 1.8 
4 ' c -  

-0.669 -1.73 
* %-b 

-0.29 -1.17 

w 

K .10- 
fmF; 14 

1320.2 

240. 

-0.319 

-3.86 
.c .c'c 
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L 
2 

3 

4 

5 

6 

7 

TABLE I11 

Some Second-Order EHF L-component Energies 

(7) 21 Lf/ ' I  i5 En6 L7 

-2.7732 x 10 -3.0391 x 

-1.0226 x -7.3958 x 

-4.74 -2.482 x lom4 

-2.52 -1.017 x 

-1.48 loo3 -4.78 

-0.94 x -2.48 lom5 
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seem t o  depend C z )  l i t e r a t u r e .  The second-order EHF energ ies  EEh,=~.& 

on the  -1 /3  power of L. T h i s  i s  a much weaker dependence than the  

32 
' Lm4 dependence predic ted  by Schwartz fo r  t he  exac t  second-order 

V I I .  DISCUSSION OF T P  RESULTS 

As discussed i n  Sect ion I1 t h e r e  are two types of SCF schemes: 

The RHF scheme conta in ing  only i n t r i n s i c  o r b i t a l s  and thus  n e g l e c t i n g  

e l e c t r o n  c o r r e l a t i o n ,  and the other  SCF schemes conta in ing  a t  l e a s t  

one c o r r e l a t i o n  o r b i t a l .  For the  case of t h e  helium atom the  

d i f f e rence  bettjeen t h e  RHF energy and the  exac t  n o n - r e l a t i v i s t i c  

energy i s  about 0.04 atomic u n i t  and is, by d e f i n i t i o n ,  t h e  

c o r r e l a t i o n  energy. 3'24 The v a r i a t i o n a l  approximation t o  the  EHP 

wave func t ion  of Silverman, P l a t a s  and Matsen y ie lded  about 0.03 7 

atomic u n i t  of c o r r e l a t i o n  energy. One can thus  see t h a t  i t  takes  

the  i n f i n i t y  of SCF schemes ly ing  between the  EHF scheme and the  

exac t  wave func t ion  t o  y ie ld  t h a t  l a s t  0.01 atomic u n i t  of c o r r e l a t i o n  

energy. Therefore,  i f  one wants an energy much more accura te  than 

the  EHF energy, one should probably not  use a SCF method t o  get it. 

The accuracy of the  EHF scheme has been assessed  by comparing, Table Iv, 

s e v e r a l  second-order EHF L-component energ ies  wi th  the  corresponding 

exact values .  The comparison i s  the  most unfavorable comparison one 

can make. 

t he  EHF energ ies  through second order  

I 

A more p r a c t i c a l  comparison i s  made i n  Table V i n  which 
1 
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TABLE IV 

Comparison of Several Second-Order EHF 

and Exact Energies 

b L Ema Exact 

0 -0.0132060 -0.01432881 

1 -0.0235373 -0.02644609 

2 -0.0030391 -0.00361237 

Error ' 10  

8 

11 

16 

a See eq. (5.22) 

b Taken from Tabie I of reference 33 
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TABLE V 

Comparison of Some Second-Order Perturbation 

Results w i t h  More Accurate Energies a 

Z= 1 2=2 

C I b  EHFC C I  EHF 

RHF -0,48793 -0.48600 -2.91668 -2.86100 

S -0.5 1439 -0.49921 -2.87896 -2 87421 

S+P -0,52647 -0.52275 -2 90039 -2.89775 

S+P+D - 0.5 2730 -0,52579 -2.90258 -2.90079 

S+. .+F -0,52747 -0.52653 -2.90307 -2.90153 

s+. .+G -0.52775 -0.52677 -2.90320 - 2.90177 
S+. .+J -0.52695 -2.90195 

Exactd -0.52775 -0.5272 -2.90372 -2.9021 

. 213 2-8 

C I  EHF CI EHF 

RHF -7.23641 -7.23600 -59,111P4 -59.11100 

S -7.25242 -7.24921 -59.12595 -59 12421 

S+P -7.27575 -7.27275 -59.15130 -59.14775 

S+P+D -7.27845 -7.27579 -59.15467 -59 15079 

S+. .+F -7 27908 -7.27653 -59 15549 -59.15153 

s+. .* -7.27924 -7.27677 -59.15570 -59.15177 

S+. .+J -7.27695 -59.15195 

Exact -7.27991 -7.2770 -59.15660 -59.1521 

a i n  atomic units 
b Taken from Table I1 of reference 35 
c These values are sums of the E2HF,~dL 
d The value i n  the EHF column i s  an extrapolation of the f i r s t  

seven values. 
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i n  atomic u n i t s ,  are compared w i t h  s e v e r a l  conf igu ra t ion  i n t e r a c t i o n  

( C I )  r e s u l t s .  Although the  EHF ene rg ie s  through second order  are no t  

n e c e s s a r i l y  upper bounds or lower bounds t o  t h e  exact energ ies ,  they  

neve r the l e s s  compare favorably i n  Table V w i th  t h e  C I  r e s u l t s .  The 

EHF c o n t r i b u t i o n  t o  t h e  second-order c o r r e l a t i o n  energy i s  about 

0.0415 atomic u n i t  as compared t o  t h e  more accu ra t e  va lue  of 0.046652 

atomic u n i t  quoted by Sharma and Coulson. 34 

Various c o n t r i b u t i o n s  t o  the  second-order EHF double-exc i ta t ion  

ene rg ie s  are compared i n  Table V I  wi th  some approximate va lues  

obtained from an i t e r a t i v e 3 6  s o l u t i o n  of t h e  NO equat ions  (eq. (2 .7 )  

with  N s e t  t o  i n f i n i t y ) .  One thus  sees from Table V I  t h a t  t h e  second- 

order  EHF ene rg ie s  are roughly the  same as the  o ther  more e l a b o r a t e  

c o r r e l a t i o n  con t r ibu t ions .  Since the  comparison of t h e  second-order 

EHF e n e r g i e s  wi th  i t e r a t i v e  s o l u t i o n s  of t h e  exact NO equat ions  i s  

q u i t e  good, it w i l l  be even b e t t e r  w i t h  t h e  i t e r a t i v e  EHF c o r r e l a t i o n  

ene rg ie s .  Therefore ,  one might as w e l l  no t  so lve  the  unperturbed 

EHF equat ions .  The second-order ene rg ie s  are good enough. 

I n  conclusion,  i t  might be s a i d  t h a t  i f  one wants very  good 

ene rg ie s  he should n o t  u se  a SCF method. However, i f  one w i l l  be  

s a t i s f i e d  wi th  t h e  gross e f f e c t s  of e l e c t r o n i c  c o r r e l a t i o n ,  then  

he  could probably use the r e s u l t s  of t h e  f i r s t - o r d e r  EHF model q u i t e  

p r o f i t a b l y  . 

, 
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f 

TABLE VI 

Comparison of Some Second-Order EHF Energy Contributions 
with Some Approximate Corre la t ion  Energy Contributions 

cont r ib .  EHF' 

28 -0,01321 

3s -0.00042 

4s - 0.00005 

56 -0.00001 

2P -0.02354 

3p -0.00126 

4P -0.00017 

5P -0.00004 

3d -0.00394 

4f -0.00074 

a These are the  

z=l 

-0.01879 

-0.00043 

-0.00005 

-0.00001 

-0.01391 

-0.00089 

-0.00013 

-0.00003 

-0.00131 

-0.00026 

z=2 2=3 

A Ecorrb 

-0.01522 

-0.00067 

-0.00009 

-0.000004 

-0.01943 

-0.00157 

-0.00016 

-0.000005 

-0.00218 

-0.00036 

-0.01443 

-0.00072 

-0.00011 

-0.000002 

-0.02092 

-0.00186 

-0.00016 

-0.000003 

- 0.00244 

-0.00037 

(2) taken from Tables I, I1 and 111 EEHF, Lk 

z=a 

-0.01358 

-0.00075 

-0.00009 

-0.000001 

-0.02255 

-0.00206 

-0,0001 3 

-0.000002 

-0.00275 

-0.00036 

b Taken from Table I V  of re fe rence  36. 



. 

66 

APPENDIX I: THE NATURAL ORBITALS OF TWO-ELECTION WAVE FUNCTIONS 
I I  

The n a t u r a l  x b i t a l s  were f i r s t  introduced by Lowdin13 i n  1955 

as t h a t  se t  of one-e lec t ron  func t ions  which d i agona l i zes  the  one- 

p a r t i c l e  d e n s i t y  matr ix .  

w i t h X  being the  c o l l e c t i o n  of space and sp in  v a r i a b l e s ,  which i s  

def ined  as 

The one -pa r t i c l e  d e n s i t y  matrix:7 f @ y') &I 

* 

f o r  any N-electron wave func t ion  Y($~,**'I$&) can thus  be 

w r i t t e n  a s  a d iagonal  expansion 

where $kx) i s  the  k - th  NO and ",R i s  the  k - th  occupat ion 

number. I f  t h e  wave funct ion i s  normalized t o  u n i t y  the  sum of t h e  

occupat ion numbers i s  equal  t o  un i ty .  F o r  t h e  s p e c i a l  case  i n  which 

the  wave func t ion  i s  a two-electron wave func t ion ,  LBwdin and S h u l l  14 

have shown t h a t  t h e  wave func t ion  can a l s o  be w r i t t e n  a s  a d iagonal  

expansion i n  terms of t he  NO'S with the  c o e f f i c i e n t s  , i .e.  

where 
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. 

The two-electron wave func t ion ,  expanded i n  terms of a complete 

s e t  of s u i t q b l e  func t ions  yi ( ~ 1  e.g. 
-b 

/ J  
can be brought i n t o  n a t u r a l  form by d i agona l i z ing  t h e  ma t r ix  of 

II 

c o e f f i c i e n t s  

No's f o r  the helium atom by expanding t h e  two-electron wave func t ion  

S h u l l  and Lowdin14, l5 have obta ined  s e v e r a l  

i n  a f i n i t e  s e t  of func t ions  (as i n  eq. (1 .5) ) ,  determining t h e  

c o e f f i c i e n t s  and then d i agona l i z ing  the  c o e f f i c i e n t  mat r ix .  S ince  

they used a f i n i t e  se t  of b a s i s  func t ions  i n  expanding t h e  two- 

e l e c t r o n  wave func t ion ,  they  obta ined  only a f i n i t e  number of 

approximate NO s .  

D avid son i n  1962 worked out  t h e  formalism f o r  ob ta in ing  

the  NO'S from a two-electron wave func t ion  e x p l i c i t l y  con ta in ing  the  

He poin ted  out  t h a t  one can o b t a i n  more informat ion  12' coord ina te  1: 

about t h e  NO'S by d e f i n i n g  them i n  terms of the  wave func t ion  r a t h e r  

than the  dens i ty  matr ix .  The fo l lowing  d i scuss ion  of t he  NO'S 

assoc ia t ed  wi th  a two-electron wave func t ion  w i l l  be based on 

Davidson'  s p o i n t  of view. 

L e t  y( I' V ) be a r ea l  two-electron s p a t i a l  wave func t ion  
C ? (  % L z  

which i s  e i t h e r  symmetric o r  antisymmetric wi th  r e s p e c t  t o  permutat ion 

of t h e  coord ina tes  of t h e  two e l e c t r o n s ,  i . e .  
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where P(1,2) i s  t h e  permutation opera tor  and P 

a symmetric func t ion  and -1 for  an antisymmetric wave func t ion .  

n a t u r a l  o r b i t a l  3(c-r) 
i s  def ined  t o  be t h a t  func t ion  which extremizes  the f u n c t i o n a l  

i s  equa l  t o  +1 f o r  

A 

assoc ia t ed  wi th  the  wave’ func t i an  y<!&,$) 

s u b j e c t  t o  t h e  normalizat ion c o n s t r a i n t  

11 

As Lowdin and S h u l l  showed,14 the  NO 3(c%) can be considered gs 

t h a t  o r b i t a l  such t h a t  t h e  func t ion  xc&) ’)(C%I)has maximum over l ap  

wi th  t h e  exact wave function. 

r e s p e c t  t o  a r b i t r a r y  v a r i a t i o n s  i n  3(($)  s u b j e c t  t o  the  constraint 

of eq. (1.8) equal  t o  ze ro  l eads  t o  t h e  i n t e g r a l  e igenvalue  equa t ion  

S e t t i n g  the  v a r i a t i o n  of 

I where t h e  NO x 
e i genva lue  

The above equa t ion  w i l l ,  i n  genera l ,  have many e igenvalues  and many 

i s  the e igen&nct ion  a s soc ia t ed  wi th  t h e  R‘“’ , usua l ly  c a l l e d  t h e  k - t h  occupat ion amplitude. % 
eigenfunc t ions. 

The symmetry p rope r t i e s  of t h e  wave func t ion  can be e x p l o i t e d  

t o  o b t a i n  some information about the  e igenvalues  and e igen func t ions .  

Suppose t h a t  ?& is an eigenvalue given by 



By exchanging t h e  names of t he  i n t e g r a t i o n  v a r i a b i e s  i n  t h e  above 

equation, t a k i n g  t h e  cQmplex ccnjugate  and permuting t h e  v a r i a b l e s  

i n  the wave func t ion ,  one can 0btsi.n t h e  expression 

from which it  follows t h a t  

(I 112) 

Therefore,  i f  qcc7, c3,) i s  symmetric, t h e  occupat ion ampli tudes 

are a l l  r e a l ,  and if F c  1 i s  antisymmetric t h e  occupat ion 
- 7 d 4 2 J  

amplitudes are all imaginary (or zerD), By t a k i n g  t h e  complex 

conjugate of eq .  (9.9) one ca.n o b t a i n  

which impl ies  t h a t ,  i f  t he  wave func t ion  i s  symmetric, t h e  NO'S are 

a l l  r e a l  func t ions .  I f  t he  wave f u n c t i o n  i s  antisymmetric,  t h e  NO'S 

are a l l  complex. I f  t h e  NO )( i s  a s s o c i a t e d  wi th  t h e  occupat ion e;" 
., then III t he  case  of an antisymmetric wave funct ion,  

t h e r e  w i l l  be a NO x p l  a s s o c i a t e d  with t h e  occupat ion amplitude 

i . e .  the occupation amplitudes occur i n  conjugate  p a i r s  f o r  an  
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a n t  isymme tr i c  wave func t ion  

Suppose t h a t  t he  wave func t ion  i s  an S- func t ion  of the form 

where ghe PL (cose 1 2  
)( li.1 NO can be w r i t t e n  a s  

wi th  r e s p e c t  t o  the  eigenvalue . Thus 

) are Legendre polynomials. I n  such a case  each 

and i s  @L+?) - fo ld  degenerate  A a  

(I. 15) 

where f b , ) 6 )  i s  the  L-th order  s p h e r i c a l  harmonic. The i n t e g r a l  

e igenvalue equat ion  i s  thus 

The wave func t ion  @cz, ,K*), expanded i n  terms of t h e  NO'S, 

has the  form 

i f  the  wave func t ion  i s  symmetric, and 
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i f  the  wave func t ion  i s  ant isymmetr ic .  Since t h e  W ~ V E  f u n c t i o n  can 

a l s o  be expanded i n  terms of any s u i t a b l e  complete se t  of o r tho-  

normal f u n c t i o n s ,  t he  N O I S  must be r e l a t e d  t o  any such se t  of func t ions  

by a u n i t a r y  t ransformat ion-  However, depending on t h e  n a t u r e  of t h e  

wave func t ion  wi th  r e s p e c t  t o  which t h e  Noes are defined: t h e  e igen-  

v a l u e  equat ion  ( 1 , s )  might no t  y i e l d  t h e  complete set  c f  NO'S ,  bu t  

only a s u b s e t  o f  them, Suppose t h a t  t h e r e  i s  a s e t  of funct ions %e) 
s t rongly  orthogonal t o  t he  wave f u n c t i o n  

I n  expanding the  wave func t ion  i n  a complete s e t  of f u n c t i o n s ,  only 

t h a t  p a r t  of t h e  complete s e t  which i s  or thogonal  t o  t h e  set  of 

func t ions  gic,$) w i l l  e x p l i c i t l y  appear i n  t h e  expansion. The 

missing func t ions  can be included formally i n  t h e  expansion w i t h  

z e r o  c o e f f i c i e n t .  In t h i s  sense9 eq .  ( 1 . 9 )  can be considered as 

def in ing  a complete se t  o f  NO'S. A l l  o f  t h e  NO'S (or l i n e a r  

combinations of them) which a r e  s t r o n g l y  or thcgonal  t o  

w i l l  occur as t h e  e igenfunct ions  of t h e  ze ro  eigenvalue.  Those NO'S 

which a r e  a s s o c i a t e d  wi th  ze ro  occupation amplitude have been c a l l e d  
19 

improper N O ' S  b y  Kutzelnigg. The p r o p e r t i e s  of NO'S a s s o c i a t e d  w i t h  

s t rongly  or thogonal  func t ions  have been d iscussed  by Arai and 38 

11 39 by Lowdin. 
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APPENDIX 11. FKYSICAL INTERPRETATION OF THE SELF-CONSISTENT 
FIELD SCHEMES 

A l l  of  t he  N-configuration wave func t ions  Pp ( G , . c 2 )  
discussed  i n  Sec t ion  I1 a re  SCF funct ions  s i n c e  t h e  o r b i t a l s  

comprising them a r e  obtained as s e l f - c o n s i s t e n t  s o l u t i o n s  of  coupled 

equat ions .  The RHF scheme i s  the  s imples t  example of a SCF scheme. 

The t r a d i t i o n a l  i n t e r p r e t a t i o n  of t he  RHF scheme i s  t o  p i c t u r e  each 

e l e c t r o n  as moving i n  the  average f i e l d  of t h e  o ther  e l e c t r o n .  As 

it  t u r n s  out ,  one can i n t e r p r e t  any of  t h e  SCF schemes d iscussed  i n  

Sec t ion  I1 i n  terms of average f i e l d s .  

Let  t h e  SCF equat ions,  eq.  (2.7), be r e w r i t t e n  as 

(11.1) 

for 14 i<  N. I n  t h e  N-configuration SCF model of a two-electron 

system each e l e c t r o n  i s  allowed t o  occupy each of N states 3( 
wi th  a p r o b a b i l i t y  equal  t o  s i n c e  t h e  one -pa r t i c l e  d e n s i t y  

matrix 13 f i  (G, 
N4 

i s  equal  t o  
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Consider t he  express ion  i n s i d e  the bracke ts  cf eq.  (I€ol)s The 

permutation operator  P (I,%) a c t a  OP, the  arguments o f  t h e  func t ions  

fol lowing i t  p r i o r  t o  i n t e g r a t i o n  and I.s present  to t ake  account of 

e l ec t ron  exchange. Forgetti~g about t t e  pe rnu ta t ion  opera tor  f o r  

t he  moment, the r e s t  of the  express ion  chi? be cznsFdered as a one- 

e l e c t r o n  Hamiltonian, h (C) 4- J and an energy rcX'%) 
2 54 

where 

(11.3) 

with  the l o c a l  etiergy 

The one-electron Hamiltonian, considered as an opera tor  depending 

on r a s  a v a r i a b l e  arid r as  a parameter,  would 51i the  Hamiltonian 

fo r  the motion of an e l e c t r o n  i n  the  f i e l d  of a clnit p o s i t i v e  charge 

- 1  - 2  

a t  the  o r i g i n  of  coord ina tes  and a u ~ L t  negat ive  charge held f ixed  

a t  r The term l / Z  neasmres the s t r e n g t h  of t he  e l e c t r o x i c  i n t e r -  

a c t i o n  r e l a t i v e  t o  the  c e n t r s l  f i e l d ,  

the  energy of t he  moving e l e c t r o n  a s d  deperds p a r a r e t r i c a l l y  on t h e  

pos i t i on  o f  the s t a t i o n a r y  e l e c t r o n ,  The e a t u a i  s p a t i a l  d i s t r i b u t i o n  

of Electron P i n  the i - t h  s t a t e ,  x '$+) 

mechanically averaging over  a11 poss ib l e  p o s i t i m r  cf E lec t ron  2 i n  

Y 2 "  

The qsaruti ty f p l c g z )  i s  

is obtained by quantum- 
P, i 

each of i t s  poss ib l e  s ta tes  and then surn ing  aver a l l  the p o s s i b l e  

s t a t e s  i n  which Elec t ron  2 can be found, ~ r e i g h t i n g  each member of the  
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sum by the occupation amplitude associated with the particular state. 

The DODS ground-state function can be transformed into the form 

where 

The DODS equations can he written as 

and 

(XI. 7b) 
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where 

suggests  t h a t  i n  t h e  DODS w d e l  one of t he  e l e c t r o r s  i s  p d l l e d  i n  

c l o s e  t o  the  n.ilcYe:is while  t.he o the r  e1Ect.r-m i s  pushed f a r t h e r  

o u t .  The permutation operator  is present  tc? t a k e  c a r e  o f  symmetry. 

Forge t t ing  fo r  t he  moment ?he perrnut.ation [>,perator and t h e  quantum- 

mechanical averaging i n  egs ,  (11,7), what remains c f  t he  equations 

i s  very s i m i l a r  t o  t h e  equat ions  a r i s i n g  i n  t h e  ccre-po1.arization 

method without  exchange. The DODS model c m  be  thus i n t e r p r e t e d  as 40 

a n  average c o r e - p o l s r i z a t i o n  method i n c  i u d i n g  exchange 

From t h e  form of the  DODS x b i t a l s  f and gs eqs. (IIa5), and 

i s  a c c r r e l a t i o n  occupatfvn m p l i t u d e  TDDDS, 0 2 from the f a c t  t h a t  

f o r  the  ground state. ( i t  must go t o  ,zero as I / Z  goes t o  ze ro ) ,  one 

12,25 can see why 1 f f l  must be aaed i n  performing a p e r t u r b a t i o n  expansion 

of the  DODS func t ion  w r i t t e n  i n  t he  form. o f  eq. (11.5) .  
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APPENDIX 111. CONCERNING THE SIGN OF THE FIRST-ORDEX 
NATURAL OCCUPATION AMPLITUDES 

I n  t h i s  appendix i t  w i l l  be shown t h a t  a l l  f i r s t - o r d e r  n a t u r a l  

occupation amplitudes cannot be pos i t ive .  

as shown i n  eq. (4. l l a ) ,  t h a t  t he  f i r s t - o r d e r  i n t r i n s i c  occupation 

One already has the  r e s u l t ,  

amplitude must be zero. 

The f i r s t  -order c or r  e l a  t ion  amplitudes sz , k > k L ,  a r e  ' 
# 

given by eq. (4.26) as 

s ince  E'O) i s  equal t o  

eq. (111.1) is 

which i s  non-negative1 
& 

-1 for the ground state.  The numerator of 

i .e. 

(111.2) 

The denominator of eq. (111.1) can be shown t o  be p o s i t i v e  by 

expanding the  functions )( (r)  i n  terms of the complete set: of 
L A  

hydrogenic o r b i t a l s  the disccete p a r t  of which w i l l  be denot,ed by 



(0) 
wi th  k = 2 for L = 0 and kL = P fo r  L > l o  

normalized t o  u n i t y  one has  

Since t h e x  (*) are 
4 L d 

and the re  f o r e  

and 

(111.4) 

(II1.5a) 

(III.5b) 

The denominator of  eq.  (l.II,l) Fs t hus  

s i n c e  

The q u a n t i t y  ?(A'] i s  a contfnuun energy and i s  t h e r e f o r e  p o s i t i v e .  
2 

Since the c,$ (A*) a r e  p o s i t i v e ,  t h e  continuum c o n t r i b u t i o n  t o  t h e  

denominator i s  p o s i t i v e ,  Therefore ,  u s i n g  eq .  (111.5a), 
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(111.8) 

one has 

(111.10) 

Therefore, substituting eqs. (111.2) and (111.10) into eq. (111.1) 

y ie  Ids the inequality 

(111.11) 

for k 3 kL. 
amplitude, eq. ( 4 .  l l a ) ,  gives the desired r e s u l t  

Taking into account the first-order intr ins ic  occupation 

(111.12) 

for a l l  k )  1. 
/ 



APFENDIX IV: LAZCULATTON OF THL MATRIX ELEMENTS 

I n  t h i s  a p p e n d i r  Khe c a l c u l a t L o n  o f  t h e  mat r ix  elerrLents h L, mn 

o c c u r r i n g  i n  eqs .  ( 6 . 3 )  a d  ( 6 - 4 )  of S e c t i o n  V I  w i l l  be and 'L,mn 

i n d i c a t e d  i n  some d e t a i l .  

The a s s o c i a t e d  Laguerre func t ions  f cp) used i n  expanding t h e  Ln 
(0) 

EHq L A  
o r b i t a l s  cw)  a r e  

c 4  
where t h e  a s s o c i a t e d  Laguerre polynomial I, cr) is 

h 

(IV. 2) 

where @:) 
s a t i s f y  t h e  d i f f e r e n t i a l  equat ion  

i s  the  binomial c o e f f i c i e n t .  These polynomials 

41 

and the following r e l a t i o c s h i p s :  

L I 

$L ---= - 
G w  4- 7 

, (IV. 4a)  
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and t h e  recur rence  r e l a t i o n  

The or thonormali ty  i n t e g r a l  for t he  polynomials i s  

and t h e i r  genera t ing  funct ion i s  

The a s soc ia t ed  polynomials ("1 are r e l a t e d  t o  the  second- 
' q /  2LS2 

order  Laguerre polynomials 

Lowdin, 27 S h u l l  and Lowdin14' l5 and Kutzelnigg by the  r e l a t i o n s h i p  

c p )  used by Hirschfe lder  and 
*1 

28 (1 

f a r  n )  0. The genera l  r e l a t i o n s h i p  i s  
r 

(IV.8) 

The matrix element hL,mn i s  
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where 

Wri t ing out  t he  express ion  f o r  hL,mn i n  d e t a i l .  one has 

( I V .  1 2 )  

where, a f t e r  us ing  eq. (IV.3), 

where )(e2 p and where 
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(IV. 14)  

Then, u s ing  eqs .  (IV.4a) and ( I V . 5 ) ,  one has  

where 

and 

The i n t e g r a l s  I are e a s i l y  c a l c u l a t e d  us ing  the  gene ra t ing  

func t ion  of t h e  polynomials (IV.6). 

same method used by Hirschfe lder  and Lowdin.27 I n t e g r a t i n g  t h e  

gene ra t ing  func t ion  appropr ia te ly ,  one has  

L, mn 
The method used below i s  t h e  

11 

The i n t e g r a l  I is  obtained from eq. (IV.18) by d i f f e r e n t i a t i n g  

both  s i d e s  m - t i m e s  wi th  r e spec t  t o  /cc and n-times w i t h  r e s p e c t  t o  

L, mn 
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(IV. 1 9 )  

and then  s e t t i n g  both /A and kp e q u z l  t o  zero.  Thus, one 

obtains  fo r  rn> n, 
P 

which can be  summed t o  

(IV. 20) 

A similar t rea tment  of t h e  i n t e g r a l  JL,mn g i v e s ,  f o r  m >/ n, 

S u b s t i t u t i n g  eqs .  (I .V.20) and ( I V . 2 1 )  i n t o  eq ,  (IV.15) and u s i n g  t h e  

1: e la t ions 
42 

I 

and 
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one obta ins ,  f o r  m> n, the  fol lowing express ion  fo r  h 
I L, 

The i n t e g r a l  can be w r i t t e n  as 

where 

(IV. 26) 

Using t h e  r ecu r rence  r e l a t i o n ,  eq. (IV.4c), one can write 

where 

(IV. 27) 
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can be c a l c u l a t e d  by u s i n g  t h e  genera t ing  lW 
mS The i n t e g r a l s  4 

function, eq. (IV.6), i n  much t h e  same way as for  t h e  i n t e g r a l s  I L, mn 

which y i e l d s  

(IV. 30) 

giv ing  

(IV. 31) 
S u b s t i t u t i n g  eq .  (IV.31) i n t o  eq ,  (IV.25) g ives  

r 
(IV. 32) 
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Some of the  above mat r ix  elements are zero.  I f  they  are denoted by 

, then  the  i n d i c e s  m and n must be r e l a t e d  by t h e  equat ion  ' ~ , m  n 0 0 
0 0  

r or  by 

The above two equat ions  were obtained by s e t t i n g  the  numerator of 

t he  t e r m  i n  square bracke ts  of eq ,  ( I . V . 3 2 )  equa l  t o  zero.  

The fol lowing schemes were used €or c a l c u l a t i n g  the  i n t e g r a l s  

recursively by computer. For the  case of L = 0, and 'L,mn h 
L, 

t h e  computer w a s  given t h e  va lue  

(IV. 35) 

which w a s  used to c a l c u l a t e  t h e  d iagonal  elements h by the  

formula 

0, nn 

( I V .  36) 

and these  were used t o  c a l c u l a t e  t h e  elements 4 O , W 7  r7 by the  

formula 

( I V .  37) 
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which were then used i n  t h e  formula, m> n92 - 

(IV. 38) 

From eqs .  (IV.32) and (IV.34) one can de f ine  t h e  fol lowing 

r ecu r s ive  scheme for  c a l c u l a t i n g  t h e  i n t e g r a l s  V 0,mn * 

(IV. 39) 

t 

0) no and f o r  m 
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(IV. 43) 

where, from eq. (IV.33) or (IV.34), the  p a i r s  of va lues  (m 0' n 0 ) a r e  

(5,119 (1Oy5), (16910)J (23,161,  C31.923), (4Oy31), e t c -  

For computational purposes the  ma t r ix  elements h and V 
L, mn L, mn 

for  L > l  were r e l a b l e d  as  

and 

( I V .  44) 

(IV. 45) - 
%'hy - K, 4 - 7  '1-7 

for  m , n > l .  The following r e c u r s i v e  scheme was used t o  c a l c u l a t e  
/ 

the  i n t e g r a l s  - / R L , ~  , L > 1 :  

(IV.46) 



and for m > n + 2  - 

(IV. 47) 

(IV.48) 

(IV.49) 

The following r e c u r s i v e  scheme w a s  used t o  o b t a i n  t h e  matrix elements 

(IV. 50) 

(IV.51) 
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(IV. 54) 

where t h e  va lues  for  m and n are l i s t e d  i n  Table  VII. 
0 0 
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TABLE V I 1  

Some Values fo r  m and n 
0 0 

L 
1 

2 

3 

4 

(23,151 (32 ,23 )  etc.  

(29,19> ( 4 0 , 2 9 )  etc .  

(35,231 e tc .  

e tc .  

The r e c u r s i v e  schemes def ined  above turned out  t o  be q u i t e  

accu ra t e .  The computer was given a s t a r t i n g  va lue  accu ra t e  t o  t e n  

s i g n i f i c a n t  f i g u r e s .  

t i m e s ,  t he  matrix elements were s t i l l  accu ra t e  t o  t e n  s i g n i f i c a n t  

f i g u r e s .  The r e c u r s i v e  schemes are much easier t o  use than the  

more gene ra l  summation express ions  developed by Jones and Brooks. 

After  u s ing  t h e  r e c u r s i v e  schemes f o r t y  

4 3  
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APPENDIX V: COEFFICIEFJTS OF SCME ZERO-ORDER BASIC EXTENDED 
HARTREE-FOCK C R I ~ I T A L S  

In  t h i s  appendix the  expns io r i  c o e f f i c i e n r s  fo r  s e v e r a l  of t he  
(L h) 

f o r t y  term wave f m c t i e n s  )( lr 

wave func t ions  are canstdered which are a s soc ia t ed  wi th  the  va lues  

w i l l  be l i s t e d .  Only those  
E t i ? d L  

(2) fu 
i s  B func t ion  of t h e  EEH< L&, Each c o e f f i c i e n t  C L & ~ ,  - c q  

par ame t er and i s  l i s t e d  f o r  t he  opt imal  va lue  TEflFtL4 
of each parameter.  It wil l .  be r e c a l l e d  from Sec t ion  V I ,  eq.  (6.1) 

(0) 

and (6 .2) ,  t h a t  the  o r b i t a h  )( CP) were expanded as 

where t h e  func t ions  a r e  the  a s soc ia t ed  Laguerre func t ions  

c a e f f i e i e n t s  of t h e  
/ B l  

are l i s t e d  i n  Table I X ;  and t he  c o e f f i c i e n t s  of the func t ions  
r d  

y € n 5  :pi, 37 Y x?h EMF6 37 %&ififd ' 
ar e (a) 5 EUFi 3 57 %P;l:s7 f & , 7 7  

l i s t e d  i n  Table X. AI1  n-xmere have been rounded o f f  t o  t h e  given 

va lues .  The va lue  -0.0(300@ nzars t h a t  t he  c c e f f i c i e n t  i s  less than  

t h e  number -0.000005 
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n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13  
14 
15 
16 
1 7  
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

TABLE VI11 

Coeff ic ien ts  of Some S-Type Zero-Order EHF Orb i t a l s  

C 02,n 

0.970972 
0.227633 

-0.009084 
-0.052732 
-0.021704 
-0.024500 
-0.011578 
-0.004181 
-0.000610 
0.000791 
0.001126 
0.001016 
0.000770 
0.000528 
0.000335 
O.OOO198 
0.000110 
0.000055 
0.000023 
0.000006 

-0.000003 
-0.000006 
-0.000006 
-0.000006 
-0.000005 
-0.000003 
-0.000002 
-0.000002 
- 0.000001 
-0.000001 
0.000000 

-0.000000 
-0.000001 
0.000001 

-0.000000 
0.000000 
0.000001 
0.000000 
0.000000 

-0.000001 

C 03, n 

-0.496560 
0.472334 
0.584890 
0.377988 
0.149303 

-0.001995 
-0.072325 
-0.087957 
-0.075656 
-0.053861 
-0.032601 
-0.016010 
-0.004855 
0.001645 
0.004751 
0.005673 
0.005 358 
0.004468 
0.003412 
0.002416 
0.001584 
0.000945 
0.00048 7 
0.000180 

-0.000010 
-0.000113 
-0.000160 
-0.000171 
-0.000161 
-0.000140 
-0.000113 
-0.000087 
-0.000065 
-0.000047 
-0.000033 
-0.000021 
-0.000011 
-0.000002 
- 0.000005 
0.000014 

C 04, n 

0.34467 
-0,45212 
-0.24765 
0.16092 
0.41057 
0.449 38 
0.35011 
0.20033 
0.06069 

-0.04014 
-0.09678 
-0.11645 
-0.11079 
-0.09114 
-0.06631 
-0.04210 
-0.02168 
-0.00629 

0.00409 
0.01017 
0.01292 
0.01334 
0.01228 
0.01043 
0.00828 
0.00616 
0.00427 
0.00269 
0.00145 
0.00054 

-0.00010 
-0.00050 
-0.00072 
-0.00081 
-0.00081 
-0.00077 
-0.00068 
-0.00061 
-0.00054 
-0.00053 

C 05,n 

-0.248 
0.446 
0.143 

-0.206 
-0.279 
-0.267 

0.101 
0.286 
0.374 
0.367 
0.291 
0.182 
0.071 

-0.023 
-0.090 
-0.284 
-0.141 
-0.135 
-0.116 
-0.091 
-0.064 
-0.038 
-0.017 
-0.000 

0.012 
0.019 
0.023 
0.024 
0.023 
0.020 
0.017 
0.013 
0.010 
0.007 
0.004 
0.001 

-0.001 
-0.003 
-0.004 
-0.007 
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n 

TABLE IX 

C o e f f i c i e n t s  of Some P-Type Zero-Order EHF Orbitals 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 ' 

24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

C 11,n 

0.896143 
0.421112 
0.135407 
0.019260 
-0.015166 
-0.018910 
-0.014098 
-0.008626 
-0.004595 
-0.002106 
-0.000743 
-0.00008 1 
0.000187 
0.000257 
0.000237 
0.000188 
0.000136 
0.000092 
0.000060 
0.000034 
0.000021 
0.000011 
0.000004 
0.000001 
-0.000001 
- 0.000003 
-0.000001 
-0.000001 
-0.000000 
-0.000000 
-0.000000 - 0.000000 
0.000001 
-0.000000 
-0.000001 
-0.000000 
-0.000001 
0.000001 
-0.000000 
-0.000000 

C 12,n 

-0.620 
0.203 
0.503 
0.455 
0.295 
0.143 
0.041 
-0.015 
-0.037 
-0.040 
-0.033 
-0.024 
-0.016 
-0.009 
-0.004 
-0.001 
0.001 
0.001 
0.002 
0.002 
0.001 
0.001 
0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 

C 13,n 

-0.447 
0.347 
0.387 
0.082 
-0.217 
-0.374 
-0.392 
-0.323 
-0.218 
-0.006 
-0.035 
0.020 
0.050 
0.061 
0.060 
0.051 
0.040 
0.028 
0.180 
0.010 
0.004 
-0.001 
-0.003 
-0.004 
-0.005 
-0.004 
-0.004 
-0.003 
-0.003 
-0.002 
-0.001 
-0.001 
-0.001 
-0.000 
-0.000 
0.000 
0.000 
0.000 
0.000 
0.001 

C 14, n 

-0.342 
0.385 
0.266 
-0.087 
-0.286 
-0.265 
-0.103 
0.092 
0.247 
0.330 
0.341 
0.299 
0.226 
0.144 
0.066 
0.003 
-0.042 
-0.069 
-0.082 
-0.082 
-0.076 
-0.063 
-0.049 
-0.035 
-0.022 
-0.012 
-0.004 
0.002 
0.006 
0.009 
0.010 
0.010 
0.009 
0.008 
0.007 
0.005 
0.004 
0.002 
0.001 
-0.000 
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TABLE X 

Coef f i c i en t s  o f  Some L-Type Zero-Order EHF O r b i t a l s  

C 21,n n 

0 0.60534 
1 0.58921 
2 0.43326 
3 0.26960 
4 0.14467 
5 0.06404 
6 0.01845 
7 -0.00377 
8 -0.01223 
9 -0.01350 
10 -0.01161 
11 -0.00876 
12 -0.00601 
13 -0.00378 
14 -0.00215 
15 -0.00106 
16 -0.00037 
17 0.00001 
18 0.00021 
19 0.00028 
20 0,00028 
21 0.00025 
22 0.00020 
23 0.00016 
24 0.00011 
25 0.00008 
26 0.00005 
27 0.00003 
28 0.00002 
29 0.00001 
30 0.00000 
31 -0.00000 
32 -0.00000 
33 -0.00000 
34 -0.00000 
35 -0.00000 
36 -0.00000 
37 -0.00000 
38 -0.00000 

C 31,n 

C. 31872 
0.45227 
0.48193 
0.44041 
0.36240 
0.27452 
0.19308 
0.12589 
0.07499 
0.03914 
0.01567 
0.00155 
-0.00601 
-0.00924 
-0.00984 
-0.00901 
-0.00753 
-0.00588 
- 0.00433 
-0.00301 
-0.00195 
-0.00116 
-0.00059 
-0.00021 
0.00003 
0.00017 
0.00023 
0.00025 
0.00024 
0.00022 
0,00018 
0.00015 
0.00012 
0.00009 
0.00006 
0.00004 
0.00003 
0.00004 

-0.00000 
39 -0.00000 -0.00001 

C 41,n 

0.1369 
0.2484 
0.3353 
0.3863 
0.0401 
0.3852 
0.3483 
0.2991 
0.2454 
0.1930 
0.1454 
0.1048 
0.0716 
0.0458 
0.0266 
0.0129 
0.0036 
-0.0022 
-0.0056 
-0.0071 
-0.0074 
-0.0071 
-0.0062 
-0.0052 
-0.0042 
-0.0032 
-0.0024 
-0.0017 
-0.0011 
-0.0007 
-0.0003 
-0.0001 
0.0000 
0.0001 
0.0002 
0.0002 
0.0002 
0.0002 
0.0003 
0.0003 

C 51,n 

0.0497 
0.1077 
0.1726 
0.2347 
0.2866 
0.3233 
0.3430 
0.3462 
0.3352 
0.3130 
0.2831 
0.2485 
0.2123 
0.1766 
0.1430 
0.1127 
0.0862 
0.0638 
0.0453 
0.0305 
0.0191 
0.0104 
0.0041 
-0.0002 
-0.0030 
-0.0047 
-0.0055 
-0.0057 
-0.0055 
-0.0050 
-0.0044 
-0.0038 
-0.0031 
-0.0025 
-0.0019 
-0.0014 
-0.0010 
-0 0007 
-0.0004 
-0.0001 

C 61,n 

0.016 
0.039 
0.071 
0.110 
0.152 
0.194 
0.232 
0.264 
0.288 
0.302 
0.308 
0.315 
0.295 
0.278 
0.257 
0.234 
0.208 
0.182 
0.156 
0.132 
0.109 
0.089 
0.071 
0.055 
0.042 
0.030 
0.021 
0.014 
0.008 
0.004 
0.001 
-0.002 
-0.003 
-0.004 
-0.005 
-0.005 
-0.005 
-0.005 
-0.005 
-0.005 

C 71,n 

0.004 
0.012 
0.025 
0.043 
0.065 
0.092 
0.121 
0.151 
0.190 
0.208 
0.232 
0.251 
0.266 
0.275 
0.278 
0.277 
0.271 
0.261 
0.247 
0.231 
0.213 
0.194 
0.174 
0.155 
0.135 
0.117 
0.100 
0.084 
0.070 
0.057 
0.046 
0.036 
0.028 
0.021 
0.015 
0.010 
0.006 
0.003 
-0.000 
-0.003 
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